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O EV=.=� TJdDMF� FTU MF GPOEBUFVS EF MB UIePSJF EFT TZTUdNFT EZOBNJRVFT� /FBO�(ISJTUPQIF >PDDP[ ��!�������� �NeEBJMMF +JFMET FU (PMMdHF EF +SBODF�� EBOTVOF DPOGeSFODF HSBOE QVCMJD QSPOPODeF FO ���� a MB 'JCMJPUIdRVF OBUJPOBMF EF+SBODF�QSeDJTF " � :O TZTUdNF EZOBNJRVF� D�FTU VO FTQBDF EFT QIBTFT BWFD VOFeRVBUJPO E�eWPMVUJPO # MFT QPJOUT EF M�FTQBDF EFT QIBTFT EeDSJWFOU MFT eUBUT QPT�TJCMFT EV TZTUdNF DPOTJEeSe� M�eRVBUJPO E�eWPMVUJPO HPVWFSOF MFT DIBOHFNFOUTE�eUBUT TVS MF DPVSU UFSNF� 1F CVU EF MB UIePSJF FTU EF DPNQSFOESF M�eWPMVUJPOTVS MF MPOH UFSNF� �6V�FTU�DF RV�VOF eRVBUJPO EJ	eSFOUJFMMF %:OF eRVBUJPO EJ	eSFOUJFMMF FTU VOF SFMBUJPO FOUSF VOF PV QMVTJFVST GPODUJPOTJODPOOVFT� HeOeSBMFNFOU EeQFOEBOUFT EV UFNQT� FU MFVST EeSJWeFT� 1�PSESF E�VOFeRVBUJPO EJ	eSFOUJFMMF DPSSFTQPOE BV EFHSe NBYJNBM EF EeSJWBUJPO BVRVFM M�VOFEFT GPODUJPOT JODPOOVFT B eUe TPVNJTF�1FT eRVBUJPOT EJ	eSFOUJFMMFT TPOU VUJMJTeFT QPVS DPOTUSVJSF EFT NPEdMFT NB�UIeNBUJRVFT EF QIdOPNdOFT QIZTJRVFT FU CJPMPHJRVFT� QBS FYFNQMF QPVS M�eUVEFEF MB SBEJPBDUJWJUe PV MB NeDBOJRVF DeMFTUF� 5BS DPOTeRVFOU� MFT eRVBUJPOT EJG�GeSFOUJFMMFT SFQSeTFOUFOU VO WBTUF DIBNQ E�eUVEF� BVTTJ CJFO FO NBUIeNBUJRVFTQVSFT RV�FO NBUIeNBUJRVFT BQQMJRVeFT� 9PVUFT MFT EJTDJQMJOFT TDJFOUJ
RVFT TPOUDPODFSOeFT QBS DFT eRVBUJPOT��� $3+ +77+:7 ,B)43*+ *: 2'9.B2'9/)/+3 �+37/ "4/3)'7B
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� �� (IBQJUS�� .OUSPEVUJPO�
 �@.695.< -. <A<=E6.< -A7*62:>.<��� �A/7:6/= G6G7/8>+3</=2fN� TJ � O��TU QBT MB EJTJQMJO� RVJ B GBJU OBhUS� M�T eRVBUJPOT EJ	eS�O�UJ�MM�T� M�T NPEdM�T E� MB EZOBNJRV� E�T QPQVMBUJPOT EPOO�OU E� GBcPO TJNQM�E�T eRVBUJPOT RVJ TPOU QBSNJ M�T QMVT B�TTJCM�T� &JOTJ� M�eUVE� E�VO� QPQVMB�UJPO JTPMe� EBOT VO NJMJ�V QSPEVJTBOU E� MB OPVSSJUVS� �O BCPOEBO� POEVJUBV NPEdM� TVJWBOU QPVS M��	�UJG Y �O GPOUJPO EV U�NQT U "
ẋ = K x, ���������TU�a�EJS� RV� M�BSPJTT�N�OU E� QPQVMBUJPO ẋ(t) �TU� a IBRV� JOTUBOU� QSP�QPSUJPOO�M QBS VO GBU�VS POTUBOU K a MB UBJMM� E� MB QPQVMBUJPO x(t)� 1�TTPMVUJPOT E� �UU� eRVBUJPO GPOU BQQBSBhUS� VO QIeOPNdO� E� SPJTTBO� �Y�QPO�OUJ�MM�� 1B T�VM� EPOOe� E� MB QPQVMBUJPO a VO U�NQT JOJUJBM t0 TV�U aEeU�SNJO�S PNQMdU�N�OU MB EZOBNJRV� E� MB QPQVMBUJPO�!	�	 � )BOT UPVU �U PVWSBH� MB OPUBUJPO ẋ T�SB VUJMJTe� QPVS JOEJRV�S MB EeSJWe�E� MB WBSJBCM� x QBS SBQQPSU BV U�NQT t� 1B OPUBUJPO y′(x) eUBOU SeT�SWe� a MBEeSJWe� E� MB WBSJBCM� y QBS SBQQPSU a UPVU� BVUS� WBSJBCM� x� �] Q�JO� QMVT PNQMJRVe� �TU MB eMdCS� eRVBUJPO EJ	eS�OUJ�MM� NPEeMJTBOUMB S�MBUJPO GPOEBN�OUBM� E� MB EZOBNJRV� E� 3�XUPO " f = mγ� Pl N �TU MBNBTT� E�VO� QBSUJVM�� G MB GPS� �Y�Se� TVS �MM��J �U γ M�BeMeSBUJPO RVJ �OSeTVMU�� )BOT M� BT E�VO NPVW�N�OU S�UJMJHO�� TJ MB GPS� TVCJ� �TU GPOUJPOE� MB QPTJUJPO �QBS �Y�NQM� EBOT M� BT E�VO S�TTPSU�� PO PCUJ�OU VO� eRVBUJPOE� MB GPSN�

m
d2x

dt2
= f(x).4O QPT� ẋ = y �U M�eRVBUJPO �TU USBOTGPSNe� �O M� TZTUdN� "

{
ẋ = y
ẏ = f(x)/m

.(�UU� GPJT� QPVS EeU�SNJO�S QBSGBJU�N�OU M� NPVW�N�OU� JM GBVU T� EPOO�SQPTJUJPO �U WJU�TT� JOJUJBM�T� (�U �Y�NQM� USdT eMeN�OUBJS� T�SB S�QSJT BV QBSB�HSBQI� TVJWBOU����� %B=>F7/= .B8+73;?/= </:<G=/8>+>30=��� �7730*(;065 <5046+(3,	 8PJU M�BQQMJBUJPO VOJNPEBM� fµ : x �→ µx(1−x)BW� x ∈ I = [0, 1]. 4O WPJU RV� fµ(I) ⊂ I TJ �U T�VM�N�OU TJ µ ∈ [0, 4].
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���� *YFNQMFT EF TZTUdNFT EZOBNJRVFT �(FU JOUFSWBMMF [0, 4] FTU EPOD M�JOUFSWBMMF EBOT MFRVFM PO DIPJTJU MF QBSBNdUSF�5PVS µ < 1� M�PSJHJOF FTU VO QPJOU 
YF BUUSBDUBOU FU MF CBTTJO E�BUUSBDUJPO FTUM�JOUFSWBMMF I FO FOUJFS� 5PVS µ = 1, M�PSJHJOF EFWJFOU JOTUBCMF FU JM CJGVSRVFVO QPJOU 
YF TUBCMF xµ = 1 − 1
µ . 6VBOE µ BVHNFOUF� f ′

µ(xµ) = 2 − µ EeDSPhU�QBTTF QBS 0 QVJT EFWJFOU OeHBUJWF� 5PVS µ1 = 3� DFUUF EeSJWeF BUUFJOU MB WBMFVS
−1 FU MF QPJOU 
YF xµ QBTTF QBS VOF CJGVSDBUJPO EF EPVCMFNFOU EF QeSJPEF� WPJS M�FYFNQMF � EV QBSBHSBQIF ��� EF @��A � " MF QPJOU xµ EFWJFOU JOTUBCMF�FU VOF PSCJUF 2�QeSJPEJRVF TUBCMF γ2

µ CJGVSRVF �MF NPU � PSCJUF � FTU QSeDJTe aMB Ee
OJUJPO ������� 5PVS VOF WBMFVS µ2 > µ1� DFUUF PSCJUF QBTTF a TPO UPVS QBSVOF CJGVSDBUJPO EF EPVCMFNFOU EF QeSJPEF " γ2
µ EFWJFOU JOTUBCMF� FU JM CJGVSRVFVOF PSCJUF 4�QeSJPEJRVF TUBCMF� (F QIeOPNdOF EF CJGVSDBUJPO EF EPVCMFNFOUEF QeSJPEF TF SeQdUF JOEe
OJNFOU a EFT WBMFVST µi, i ∈ N, GPSNBOU VOF TVJUFDSPJTTBOUF T�BDDVNVMBOU TVS VOF WBMFVS µ∞, BQQFMeF WBMFVS EF :A>MJ;9LAGF <=#=A?=F:9ME �WPJS 
HVSF ����� +FJHFOCBVN B NPOUSe RVF DFUUF BDDVNVMBUJPO EF58GSBH SFQMBDFNFOUT
fµfµ

0 1 x

F

µ1 µ2 µ3 µ∞ µ���� ��� � !<:HE8 78 :4H6;8 � fµ CBHE HA µ > 1�CJGVSDBUJPOT T�FYQMJRVF EBOT MF DBESF EF MB L@YGJA= <= D9 J=FGJE9DAK9LAGF� :OFDPOTeRVFODF SFNBSRVBCMF EF DFUUF UIePSJF FTU RVF MB TVJUF (µn) FTU HePNeUSJRVF�D�FTU�a�EJSF RVF µ∞ − µn ∼ Cδn, BWFD C > 0 FU VOF DPOTUBOUF MFAN=JK=DD= δ�
0 < δ < 1� (FMB TJHOJ
F� RVF MF QIeOPNdOF E�BDDVNVMBUJPO EFT CJGVSDBUJPOTEF EPVCMFNFOU EF QeSJPEF FYJTUF QPVS EFT GBNJMMFT VOJNPEBMFT CFBVDPVQ QMVTHeOeSBMFT RVF MB GBNJMMF RVBESBUJRVF fµ� BWFD D9 EZE= ;GFKL9FL= δ� 5PVS MBWBMFVS EF +FJHFOCBVN µ∞� M�BQQMJDBUJPO fµ∞ QPTTdEF VO BUUSBDUFVS KF , EJU9LLJ9;L=MJ <= #=A?=F:9ME RVJ FTU MB MJNJUF BV TFOT EF -BVTEPS	 EFT PSCJUFTTUBCMFT�5PVS µ ∈]3, 4], PO QFVU BWPJS EFT EZOBNJRVFT DIBPUJRVFT QMVT PV NPJOTDPNQMJRVeFT� (FT EZOBNJRVFT FU MFVST CJGVSDBUJPOT POU GBJU M�PCKFU E�VO USdTHSBOE OPNCSF E�eUVEFT RV�JM O�FTU QBT RVFTUJPO EF NFOUJPOOFS EBOT DFU PVWSBHF�4O QPVSSB DPOTVMUFS MF MJWSF EF (PMMFU FU *DLNBOO @��A QPVS BWPJS VOF JEeF EFM�eUBU EV TVKFU EBOT MFT BOOeFT 1980, MF MJWSF EF 2JMOPS @�!A QPVS VOF JEeFQMVT SeDFOUF EF M�eWPMVUJPO EV TVKFU EBOT MF EPNBJOF DPNQMFYF " PO DPOTJEdSF
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� �� (IBQJUSF� .OUSPEVDUJPO
x, µ ∈ C FU M�FOTFNCMF EF CJGVSDBUJPO FTU BMPST M�=FK=E:D= <= *9F<=D:JGL� (FUFOTFNCMF B VOF HePNeUSJF GSBDUBMF� OPUJPO JOUSPEVJUF QBS 2BOEFMCSPU @��A� 5PVSVOF BQQSPDIF QMVT TBWBOUF EF DFT BTQFDUT� BVTTJ CJFO SeFMT RVF DPNQMFYFT� POQPVSSB DPOTVMUFS MF MJWSF EF )F 2FMP FU ;BO 8USJFO @�!A�(FT USBWBVY TVS M�BQQMJDBUJPO VOJNPEBMF POU QFSNJT EF EeHBHFS FU E�eUVEJFS�EBOT VO DBT E�eDPMF� EFT DPODFQUT RVJ KPVFOU VO SjMF GPOEBNFOUBM QPVS MB UIeP�SJF HeOeSBMF EFT TZTUdNFT EZOBNJRVFT " BUUSBDUFVST �IZQFSCPMJRVFT� eUSBOHFT��SFOPSNBMJTBUJPO� HePNeUSJF GSBDUBMF� FUD�1F GBJU FTTFOUJFM a SFUFOJS FTU RVF M�eWPMVUJPO EeDSJUF QBS M�eRVBUJPO VOJNP�EBMF QFVU fUSF DIBPUJRVF EdT RVF MF QBSBNdUSF µ FTU BTTF[ HSBOE� (FUUF QSPQSJeUeEF MB EZOBNJRVF EJTDSdUF FTU FO DPOUSBTUF BWFD MB TJUVBUJPO RVF M�PO PCTFSWF aQSPQPT EF M�eRVBUJPO VOJNPEBMF EJ	eSFOUJFMMF "

ẋ = µx(1 − x).5PVS UPVUF WBMFVS EF µ > 0, MF �PU EF M�eRVBUJPO EJ	eSFOUJFMMF B VO TFVMQPJOU TJOHVMJFS BUUSBDUFVS RVJ FTU MF QPJOU x = 1. 1F CBTTJO E�BUUSBDUJPO EF DFQPJOU FTU M�BYF R+ FO FOUJFS �M�PSJHJOF FTU VO QPJOU TJOHVMJFS JOTUBCMF���� �60 +�(;;9(*;065 <50=,9:,33, +, !,>;65	(FUUF MPJ EeDSJU MF DIBNQ EF HSBWJUe DMBTTJRVF� UFM RV�JM B eUe JOUSPEVJU QBS3FXUPO� 8VQQPTPOT RVF MF TZTUdNF DPOTJEeSe TPJU GPSNe EF n QPJOUT NBUeSJFMT "
X1, . . . ,Xn ∈ R3, EF NBTTF " m1, . . . mn SFTQFDUJWFNFOU� 1B MPJ EF 3FXUPO FTUVOF eRVBUJPO EJ	eSFOUJFMMF EV TFDPOE PSESF EeSJWBOU E�VO QPUFOUJFM QBSUJDV�MJFS� 7BQQFMPOT RV�VOF eRVBUJPO EJ	eSFOUJFMMF EV TFDPOE PSESF� TVS VO PVWFSU
U ⊂ RN � EeSJWF EV QPUFOUJFM V � TJ V FTU VOF GPODUJPO EJ	eSFOUJBCMF TVS U FU TJM�eRVBUJPO T�eDSJU "

d2x

dt2
= −∇V (x)..DJ� x FTU MB WBSJBCMF EBOT U FU ∇V FTU MF HSBEJFOU EF V. )BOT MF DBT EF MB MPJEF 3FXUPO� x = (X1, . . . ,Xn)� FU M�PVWFSU EF Ee
OJUJPO FTU

U = {(X1, . . . ,Xn) ∈ R3n | Xi �= Xj pour i �= j} �PO eDBSUF MFT DIPDT��1F QPUFOUJFM JOUSPEVJU QBS 3FXUPO T�eDSJU "
V (X1, . . . ,Xn) = G

∑

i<j

mimj

||Xi − Xj ||
,Pl G FTU MB DPOTUBOUF E�BUUSBDUJPO VOJWFSTFMMF� 1�eRVBUJPO EF 3FXUPO QSFOE MBGPSNF "

d2Xi

dt2
= − 1

mi

∂V

∂Xi
(x), i = 1, . . . n,Pl ∂V

∂Xi
(x) FTU MF WFDUFVS EF R3 GPSNe EFT EeSJWeFT QBSUJFMMFT TFMPO MFT USPJTDPPSEPOOeFT EF Xi, D�FTU�a�EJSF MF WFDUFVS QSPKFDUJPO EF ∇V (x) TVS M�FTQBDF EF
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���� *YFNQMFT EF TZTUdNFT EZOBNJRVFT �DFT USPJT DPPSEPOOeFT� .DJ� MF HSBEJFOU ∇V (x) FTU SFMBUJG a MB OPSNF ||X|| EF R3nEe
OJF QBS ||X||2 =
∑n

i=1 mi||Xi||2, Pl ||Xi|| FTU MB OPSNF FVDMJEJFOOF EF R3.(PNNF DFMB TFSB WV BV QBSBHSBQIF ���� PO eUVEJF VOF eRVBUJPO EJGGeSFO�UJFMMF E�PSESF 2� Ee
OJF TVS U ⊂ RN � FO QBTTBOU EBOT M�FTQBDF U × RN EFTQPTJUJPOT�WJUFTTFT (x, y). )BOT MF DBT E�VOF eRVBUJPO EeSJWBOU EV QPUFOUJFM V, MFTZTUdNF E�PSESF VO EBOT M�FTQBDF U × RN QSFOE MB GPSNF "
{

ẋ = y
ẏ = −∇V (x)

.1B QSJODJQBMF QSPQSJeUe E�VOF UFMMF eRVBUJPO FTU RVF MB GPODUJPO
E(x, y) =

1

2
< y, y > +V (x)FTU DPOTUBOUF QPVS DIBRVF USBKFDUPJSF� )BOT MF DBT EF M�eRVBUJPO EF 3FXUPO�DF SeTVMUBU FTU MF UIePSdNF EF M�eOFSHJF DJOeUJRVF� 4O EPJU QPOEeSFS MF QSPEVJUTDBMBJSF QBS MFT NBTTFT� FU MB GPODUJPO E�eOFSHJF UPUBMF E FTU MB TPNNF EVQPUFOUJFM V FU EF M�eOFSHJF DJOeUJRVF 1

2

∑
i mi < Yi, Yi > BWFD Yi = Ẋi, MBWJUFTTF EF Xi. 1F NPVWFNFOU a QBSUJS EF MB DPOEJUJPO JOJUJBMF (x0, y0) B EPODMJFV TVS MB TVSGBDF E�eOFSHJF DPOTUBOUF " {E(x, y) = E(x0, y0)}.3PVT O�FO EJSPOT QBT QMVT TVS DFU FYFNQMF RVJ FTU BTTVSeNFOU MF QMVT BO�DJFO FU MF QMVT GBNFVY FYFNQMF EF TZTUdNF EJ	eSFOUJFM� 7BQQFMPOT TFVMFNFOURVF MFT QSPQSJeUeT EF DF TZTUdNF EFWJFOOFOU CFBVDPVQ QMVT DMBJSFT EBOT MF DBESFEV >GJE9DAKE= @9EADLGFA=F� Pl M�FTQBDF EFT QPTJUJPOT�WJUFTTFT FTU SFNQMBDe QBSM�FTQBDF EFT QPTJUJPOT�JNQVMTJPOT� FTQBDF EF QIBTF USBEJUJPOOFM EF MB NeDBOJRVF�)BOT DF GPSNBMJTNF� PO QFVU GBDJMFNFOU NPOUSFS RVF M�eRVBUJPO� EBOT M�FTQBDFEF QIBTF� B E�BVUSFT JOWBSJBOUT RVF M�eOFSHJF �RVJ� EBOT MF GPSNBMJTNF IBNJMUP�OJFO� EFWJFOU MB GPODUJPO EF -BNJMUPO�� *O QBSUJDVMJFS� TPO �PU MBJTTF JOWBSJBOUVO WPMVNF EF M�FTQBDF EF QIBTF �UIePSdNF EF 1JPVWJMMF�� 4O USPVWFSB VOF JO�USPEVDUJPO a M�eUVEF EF DFT RVFTUJPOT� QBS FYFNQMF� EBOT MF MJWSF EF &SOPME@�A���� �033(9+ :<9 +,: +64(05,: *65=,?,: +, R2	 4O DPOTJEdSF VOF QBSUJF BDPNQBDUF DPOOFYF EF R2 CPSEeF QBS VOF DPVSCF DPOWFYF MJTTF " D�FTU OPUSF UBCMFEF CJMMBSE� 4O TVQQPTF RVF M�PO B VOF CPVMF �SeEVJUF a VO QPJOU NBUeSJFM� RVJHMJTTF TBOT GSPUUFNFOU TVS B� FU TVCJU EFT DIPDT eMBTUJRVFT RVBOE FMMF BUUFJOU MFCPSE ∂B. 4O eUVEJF MF NPVWFNFOU EF MB CPVMF FO DPOTJEeSBOU TFT QBTTBHFT QBS

∂B.5SeDJTeNFOU� PO DPOTJEdSF MFT NPVWFNFOUT RVJ OF QBTTFOU RVF QBS EFT DIPDTUSBOTWFSTBVY BWFD ∂B. (FT NPVWFNFOUT TPOU DPNQMdUFNFOU EeDSJUT QBS MB EZ�OBNJRVF EJUF <QF9EAIM= <M :ADD9J<� (FUUF EZOBNJRVF FTU Ee
OJF TVS M�BOOFBVPVWFSU A = ∂B×]0, π[. ] DIBRVF (u, θ) ∈ A PO BTTPDJF MF WFDUFVS VOJUBJSF pθ
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� �� (IBQJUSF� .OUSPEVDUJPOBV QPJOU u ∈ ∂B, GBJTBOU VO BOHMF θ BWFD MF WFDUFVS UBOHFOU a ∂B �PO B DIPJTJVOF PSJFOUBUJPO EF ∂B�� 4O MBODF MB CPVMF FO u EBOT MB EJSFDUJPO PSJFOUeF pθ.*MMF BSSJWF BMPST FO VO QPJOU u1 ∈ ∂B FU SFCPOEJU EBOT MB EJSFDUJPO pθ1 . 1BEZOBNJRVF EV CJMMBSE FTU M�BQQMJDBUJPO fB : (u, θ) → (u1, θ1) �WPJS 
HVSF ����
58GSBH SFQMBDFNFOUT

α

α

���� ��� � !<:HE8 78 :4H6;8 � 5<??4E7 FHE HA 7<FDH8 
EBG4G<BA�� !<:HE8 78 7EB<G8 �5<??4E7 8??<CG<DH8 
@BHI8@8AG 6;4BG<DH8��8J MF CPSE ∂B FTU TUSJDUFNFOU DPOWFYF� M�BQQMJDBUJPO fB FTU CJFO Ee
OJF TVS
A. (�FTU VO EJ	ePNPSQIJTNF EF A RVJ QSeTFSWF M�BJSF du ∧ dθ. )BOT MF DBT Pl
B FTU VO EJTRVF� JM FTU USJWJBM EF WeSJ
FS RVF fB MBJTTF JOWBSJBOU DIBRVF DFSDMF
∂B × {θ}� FU RVF fB FTU VOF SPUBUJPO TVS DIBDVO EF DFT DFSDMFT �PO EJU RVFMB EZOBNJRVF FTU JOUeHSBCMF�� 8J PO SFNQMBDF MF DFSDMF ∂B QBS VOF FMMJQTF� MBEZOBNJRVF FTU CFBVDPVQ QMVT DPNQMJRVeF� *O GBJU� PO B MB TJUVBUJPO HeOeSBMFE�VOF EZOBNJRVF TZNQMFDUJRVF EF M�BOOFBV �TZNQMFDUJRVF FTU JDJ TZOPOZNFEF � QSeTFSWBOU M�BJSF ��� BWFD VO FOTFNCMF EF (BOUPS EF DPVSCFT TJNQMFT JO�WBSJBOUFT� EPOOeFT QBS MB UIePSJF 0&2� TeQBSBOU EFT BOOFBVY DPOUFOBOU EFTEZOBNJRVFT DIBPUJRVFT� 8J ∂B FTU VO QPMZdESF DPOWFYF� MB EZOBNJRVF FTU MJeFEF GBcPO USdT TVCUJMF BVY QSPQSJeUeT BSJUINeUJRVFT EFT BOHMFT FOUSF MFT DjUeT EF
∂B. 4O USPVWFSB EFT JOGPSNBUJPOT TVS MB EZOBNJRVF EV CJMMBSE EBOT @��A���� #,5+<3, (=,* 6< :(5: -96;;,4,5;	

θ̈ + kθ̇ + ω2 sin θ = 0, k ≥ 0.)BOT M�FTQBDF EF QIBTF EF DPPSEPOOeFT (x = θ, y = θ̇) ∈ S1 ×R� PO PCUJFOUM�eRVBUJPO E�VO DIBNQ EF WFDUFVS EF EJNFOTJPO 2 "
Xk :

{
ẋ = y
ẏ = −ω2 sin x − ky

. �������5PVS k = 0, PO B VO QFOEVMF TBOT GSPUUFNFOU� 1F TZTUdNF EeSJWF EV QPUFOUJFM
V (x) = ω2(1 − cos x) �PO B OPSNBMJTe DF QPUFOUJFM EF GBcPO RVF V (0) = 0). 1F
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���� *YFNQMFT EF TZTUdNFT EZOBNJRVFT �QPUFOUJFM V eUBOU QeSJPEJRVF EF QeSJPEF 2π, PO DPOTJEdSF RVF M�eRVBUJPO �������FTU Ee
OJF TVS MF DZMJOESF PV BOOFBV S1 × R� Pl S1 = R/2πZ. &VUSFNFOU EJU�PO JEFOUJ
F MFT QPJOUT (x, y) FU (x + 2π, y) QPVS UPVU (x, y) ∈ R2, DBS EFVYWBMFVST EF x RVJ EJ	dSFOU E�VO NVMUJQMF EF 2π SFQSeTFOUFOU MB NfNF QPTJUJPOEV QFOEVMF� (PNNF PO M�B EJU EBOT M�FYFNQMF �� MF DIBNQ X0 MBJTTF EPODJOWBSJBOUF MB GPODUJPO H(x, y) = 1
2y2 + 1 − ω2 cos x� FU MFT PSCJUFT EF DF DIBNQTPOU DPOUFOVFT EBOT MFT MJHOFT EF OJWFBVY EF H. 4O FO EeEVJU JNNeEJBUFNFOUMF QPSUSBJU EF QIBTF EF X0 SFQSeTFOUe EBOT MB 
HVSF ��� �B�� 1B Ee
OJUJPO �����QSeDJTFSB MB OPUJPO EF QPSUSBJU EF QIBTF� .DJ� QBS QPSUSBJU EF QIBTF PO FOUFOEMB TUSVDUVSF TQBUJBMF EFT MJHOFT EF DPVSBOU EV TZTUdNF� 4O B VO DFOUSF FO (0, 0)FOUPVSe QBS EFT PSCJUFT QeSJPEJRVFT SFNQMJTTBOU VO BOOFBV QJODe

A = {H(x, y) ≤ 1 + ω2},EPOU MF CPSE DPOUJFOU MF QPJOU EF TFMMF (π, 0) ∼ (−π, 0) �SBQQFMPOT RVF M�PODPOTJEdSF A EBOT M�BOOFBV Ee
OJ QBS (x, y) ∈ S1×R). (FT PSCJUFT DPSSFTQPOEFOUa EFT PTDJMMBUJPOT EV QFOEVMF� 1�FYUeSJFVS EF A FTU VO BOOFBV SFNQMJ E�PSCJUFTQeSJPEJRVFT E�eOFSHJF TVQeSJFVSF a 1 + ω2. (FT PSCJUFT GPOU EFT UPVST FOUJFST�1F CPSE EF A TeQBSF DFT EFVY SeHJNFT�8J k > 0, MF UFSNF ky SFQSeTFOUF VO GSPUUFNFOU PQQPTe BV NPVWFNFOUFU QSPQPSUJPOFM a MB WJUFTTF� 4O B UPVKPVST EFVY QPJOUT TJOHVMJFST " VO GPZFSTUBCMF FO (0, 0) FU MF QPJOU (π, 0) RVJ SFTUF VO QPJOU EF TFMMF� 4O NPOUSF RVF "
Xk ·H(x, y) = −ky2. 4O FO EeEVJU QBS MF MFNNF ����� RVF MB GPODUJPO H EeDSPhUEPOD TUSJDUFNFOU MF MPOH EF DIBRVF PSCJUF EJ	eSFOUF EFT EFVY QPJOUT TJOHVMJFST
(0, 0) FU (π, 0). &ENFUUPOT JDJ MFT OPUJPOT EF WBSJeUeT TUBCMF PV JOTUBCMF RVJ TF�SPOU JOUSPEVJUFT BV QBSBHSBQIF ���� .M FTU BMPST GBDJMF EF KVTUJ
FS MF QPSUSBJU EFQIBTF SFQSeTFOUe EBOT MB 
HVSF ��� �C�� 4O B RVBUSF PSCJUFT SeHVMJdSFT FYDFQ�UJPOOFMMFT " MFT TeQBSBUSJDFT EV QPJOU (π, 0). )FVY GPSNFOU MB WBSJeUe JOTUBCMF W u

kFU UFOEFOU WFST (0, 0) QPVS t → +∞. 1FT EFVY BVUSFT GPSNFOU MB WBSJeUe TUBCMF
W s

k FU UFOEFOU WFST (π, 0) QPVS t → +∞. 9PVUFT MFT BVUSFT PSCJUFT SeHVMJdSFTUFOEFOU WFST MF GPZFS (0, 0)�;PJDJ VOF SFNBSRVF TVS MB EJ�DVMUe E�PCUFOJS EFT SeTVMUBUT RVBOUJUBUJGT� FUQBT TFVMFNFOU RVBMJUBUJGT� TVS MF DPNQPSUFNFOU E�VO TZTUdNF EZOBNJRVF� NfNFTVS VO TZTUdNF USdT TJNQMF DPNNF DFMVJ�DJ� 8J PO MBODF MF QFOEVMF� EJTPOT aQBSUJS EF x0 = 0� BWFD VOF HSBOEF WJUFTTF y0 > 0� MF QFOEVMF WB GBJSF VO DFSUBJOOPNCSF Nk(y0) EF UPVST BWBOU E�FOUSFS EBOT VO SeHJNF E�PTDJMMBUJPOT �EF QMVTFO QMVT BNPSUJFT�� (F OPNCSF Nk(y0) EeQFOE EF MB QPTJUJPO EV QPJOU (0, y0)QBS SBQQPSU BVY JOUFSTFDUJPOT EF MB WBSJeUe TUBCMF W s
k BWFD M�BYF Oy+. (FUUFWBSJeUe W s

k FTU BOBMZUJRVF� NBJT OF QFVU QBT fUSF DBMDVMeF QBS VO BMHPSJUINFBMHeCSJRVF� *O DF TFOT� USPVWFS MF OPNCSF EF UPVST Nk(y0)� FO GPODUJPO EF MBWJUFTTF JOJUJBMF y0, FTU VO QSPCMdNF � JOEeDJEBCMF ��
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����������������������58GSBH SFQMBDFNFOUT θ

y = θ̇

x = θ���� ��� � !<:HE8 78 :4H6;8 � ?8 C8A7H?8� !<:HE8 7H 68AGE8 � CBEGE4<G 78 C;4F8 CBHE
k = 0� !<:HE8 78 7EB<G8 � CBEGE4<G 78 C;4F8 CBHE k > 0���� �647E;0;065 +�,:7D*,:	 4O DPOTJEdSF EFVY FTQdDFT FO DPNQeUJUJPO �QBSFYFNQMF QPVS EFT SFTTPVSDFT� EBOT VO NfNF NJMJFV� 1FT WBSJBCMFT x, y SFQSe�TFOUFOU MFT RVBOUJUeT EF DIBRVF FTQdDF� _WJEFNNFOU� PO EPJU TF SFTUSFJOESF BVQSFNJFS RVBESBOU Q = {x ≥ 0, y ≥ 0}. 5PVS NPEeMJTFS M�eWPMVUJPO� ;PMUFSSB BJOUSPEVJU M�eRVBUJPO EJ	eSFOUJFMMF TVJWBOUF "

{
ẋ = δx(1 − ax − by)
ẏ = y(1 − a′x − b′y)

. �������9PVT MFT QBSBNdUSFT TPOU QPTJUJGT� 1F QBSBNdUSF δ NFTVSF MB WJUBMJUe SFMBUJWFEFT FTQdDFT� 5PVS b = a′ = 0� PO B EFT eWPMVUJPOT JOEeQFOEBOUFT� DIBDVOF EFTFTQdDFT eUBOU SeHJF QBS VOF eRVBUJPO EJ	eSFOUJFMMF MPHJTUJRVF� 1FT DPF�DJFOUT
b, a′ TPOU EFT UFSNFT EF DPVQMBHF� RVJ POU QPVS TJHOJ
DBUJPO RVF DIBRVF FTQdDFB VOF JO�VFODF OeHBUJWF TVS M�BVUSF� 4O TVQQPTF RVF MFT QBSBNdUSFT TPOU DIPJTJTHeOeSJRVFNFOU � WPJS DIBQJUSF ���4O TVQQPTF QBS FYFNQMF MB DPOEJUJPO HeOeSJRVF ∆ = ab′ − ba′ �= 0 �EBOT MFDBT DPOUSBJSF� PO BVSBJU VOF ESPJUF EF QPJOUT TJOHVMJFST�� 8PVT DFUUF DPOEJUJPO�MF TZTUdNF ������� BENFU 4 QPJOUT TJOHVMJFST "�� 1�PSJHJOF A = (0, 0) FTU VO QPJOU IZQFSCPMJRVF TJOHVMJFS JOTUBCMF �EF WB�MFVST QSPQSFT 1 FU δ).�� 1FT EFVY QPJOUT B = ( 1

a , 0) FU C = (0, 1
b′ ) TPOU TUBCMFT FO SFTUSJDUJPO BVYBYFT Ox FU Oy SFTQFDUJWFNFOU��� 1F QPJOU D = ( b′−b

∆ , a−a′

∆ ). 5PVS RVF DF QPJOU TPJU MPDBMJTe EBOT Q� JMFTU OeDFTTBJSF RVF TFT EFVY DPPSEPOOeFT TPJFOU QPTJUJWFT� (FUUF DPOEJUJPOEe
OJU VO PVWFSU EF M�FTQBDF EFT QBSBNdUSFT�.M FTU DMBJS RVF TJ (x, y) ∈ Q B VOF OPSNF BTTF[ HSBOEF� MF QSPEVJU TDBMBJSFEV DIBNQ X(x, y)� Ee
OJ QBS �������� BWFD MF DIBNQ SBEJBM x ∂
∂x + y ∂

∂y � FTUTUSJDUFNFOU OeHBUJG� .M FO SeTVMUF RVF UPVUFT MFT USBKFDUPJSFT FOUSFOU EBOT VOFSeHJPO USJBOHVMBJSF Qρ = {(x, y) ∈ Q | x + y ≤ ρ}. 4O EJU RVF Qρ FTU VOFOTFNCMF BCTPSCBOU�
9782340-046207_001_456.indd   229782340-046207_001_456.indd   22 25/01/2021   10:1425/01/2021   10:14


