
E n ∈ N∗

B = (e1, . . . , en) E x E
x B x = x1e1 + · · · + xnen x1, . . . , xn

x B n
x1, . . . , xn

B B� E
B B� n

B� B
x E f E X x

B X � x B� M f B M � f
B� P B B�

P P−1 B� B
X = PX �

M � = P−1MP

B = (e1, . . . , en) B� = (e�1, . . . , e�n) E
n ∈ N∗ P B B�

P j P e�jB
e�j B

X x ∈ E B B�
P X �

X = PX �
P−1
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M f ∈ L(E) B
B� P M �

M � = P−1MP
P−1

E B
E

B B�

B� = (e�1, . . . , e�n)
f

f B�

R3 E =
�
(1, 0, 0), (0, 1, 0), (0, 0, 1)

�
B =

�
(1, 1, 0), (1, 0, 1), (1, 1, 1)

�
B R3

P E B
P P−1

x = (3, 2, 2) ∈ R3 X X �
x E B

f R3

∀ (x, y, z) ∈ R3, f
�
(x, y, z)

�
=

�− 2x+ 3y + z,−x+ 2y + z,−3x+ 3y + 2z
�

M D f E B
M D P

P
B C C R3

B P =

⎛
⎝
1 1 1
1 0 1
0 1 1

⎞
⎠

P

P

(x, y, z) ∈ R3 (a, b, c) ∈ R3

(S) : P

⎛
⎝
x
y
z

⎞
⎠ =

⎛
⎝
a
b
c

⎞
⎠ ⇐⇒

⎧⎨
⎩

x + y + z = a
x + z = b

y + z = c

L2 ← L2 − L1

(S) ⇐⇒
⎧⎨
⎩

x + y + z = a
− y = −a+ b

y + z = c
⇐⇒

⎧⎨
⎩

x = a− y − z
y = a− b
z = c− y

⇐⇒
⎧⎨
⎩

x = a− c
y = a− b
z = −a+ b+ c ⎛

⎝
x
y
z

⎞
⎠ =

⎛
⎝

1 0 −1
1 −1 0
−1 1 1

⎞
⎠

⎛
⎝
a
b
c

⎞
⎠

P−1 =

⎛
⎝

1 0 −1
1 −1 0
−1 1 1

⎞
⎠

X =

⎛
⎝
3
2
2

⎞
⎠

X �

X=PX � X �=P−1X

X �=

⎛
⎝

1 0 −1
1 −1 0
−1 1 1

⎞
⎠
⎛
⎝
3
2
2

⎞
⎠=

⎛
⎝
1
1
1

⎞
⎠

f

f
�
(1, 0, 0)

�
=

�− 2,−1,−3
�
; f

�
(0, 1, 0)

�
=

�
3, 2, 3

�
; f

�
(0, 0, 1)

�
=

�
1, 1, 2

�

M =

⎛
⎝
−2 3 1
−1 2 1
−3 3 2

⎞
⎠

f
�
(1, 1, 0)

�
=

�
1, 1, 0

�
f
�
(1, 0, 1)

�
=

�− 1, 0,−1
�
= −�

1, 0, 1
�

f
�
(1, 1, 1)

�
=

�
2, 2, 2

�
= 2

�
1, 1, 1

�

12 Espaces vectoriels

9782340-035287_001_392.indd   12 19/09/2019   11:16



M f ∈ L(E) B
B� P M �

M � = P−1MP
P−1

E B
E

B B�

B� = (e�1, . . . , e�n)
f

f B�

R3 E =
�
(1, 0, 0), (0, 1, 0), (0, 0, 1)

�
B =

�
(1, 1, 0), (1, 0, 1), (1, 1, 1)

�
B R3

P E B
P P−1

x = (3, 2, 2) ∈ R3 X X �
x E B

f R3

∀ (x, y, z) ∈ R3, f
�
(x, y, z)

�
=

�− 2x+ 3y + z,−x+ 2y + z,−3x+ 3y + 2z
�

M D f E B
M D P

P
B C C R3

B P =

⎛
⎝
1 1 1
1 0 1
0 1 1

⎞
⎠

P

P

(x, y, z) ∈ R3 (a, b, c) ∈ R3

(S) : P

⎛
⎝
x
y
z

⎞
⎠ =

⎛
⎝
a
b
c

⎞
⎠ ⇐⇒

⎧⎨
⎩

x + y + z = a
x + z = b

y + z = c

L2 ← L2 − L1

(S) ⇐⇒
⎧⎨
⎩

x + y + z = a
− y = −a+ b

y + z = c
⇐⇒

⎧⎨
⎩

x = a− y − z
y = a− b
z = c− y

⇐⇒
⎧⎨
⎩

x = a− c
y = a− b
z = −a+ b+ c ⎛

⎝
x
y
z

⎞
⎠ =

⎛
⎝

1 0 −1
1 −1 0
−1 1 1

⎞
⎠

⎛
⎝
a
b
c

⎞
⎠

P−1 =

⎛
⎝

1 0 −1
1 −1 0
−1 1 1

⎞
⎠

X =

⎛
⎝
3
2
2

⎞
⎠

X �

X=PX � X �=P−1X

X �=

⎛
⎝

1 0 −1
1 −1 0
−1 1 1

⎞
⎠
⎛
⎝
3
2
2

⎞
⎠=

⎛
⎝
1
1
1

⎞
⎠

f

f
�
(1, 0, 0)

�
=

�− 2,−1,−3
�
; f

�
(0, 1, 0)

�
=

�
3, 2, 3

�
; f

�
(0, 0, 1)

�
=

�
1, 1, 2

�

M =

⎛
⎝
−2 3 1
−1 2 1
−3 3 2

⎞
⎠

f
�
(1, 1, 0)

�
=

�
1, 1, 0

�
f
�
(1, 0, 1)

�
=

�− 1, 0,−1
�
= −�

1, 0, 1
�

f
�
(1, 1, 1)

�
=

�
2, 2, 2

�
= 2

�
1, 1, 1

�
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D =

⎛
⎝
1 0 0
0 −1 0
0 0 2

⎞
⎠

M = PDP−1

p : M2(R) −→ M2(R)
M �−→ 1

2

�
M + tM

�

C =
��1 0

0 0

�
,

�
0 1
0 0

�
,

�
0 0
1 0

�
,

�
0 0
0 1

�� M2(R)

M p C
(p) (p)

B M2(R) p D=

⎛
⎜⎝
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞
⎟⎠

P M = PDP−1

B = (e1, e2, e3) R3

f R3 B A

A =

⎛
⎝

0 −2 −5
−2 0 4
1 1 0

⎞
⎠

u = e1 − e2 = (1,−1, 0) v = f(e1) + e1

v

C = (u, v, e1) R3

P B C
P P−1

A� f C
�

(p) (p)
M2(R)

M2(R)

B p
B p

v

A′

p

p
��1 0

0 0

��
=

�
1 0
0 0

�
p
��0 1

0 0

��
= 1

2

�
0 1
1 0

�

p
��0 0

1 0

��
= 1

2

�
0 1
1 0

�
p
��0 0

0 1

��
=

�
0 0
0 1

�

M =

⎛
⎜⎜⎜⎝

1 0 0 0

0 1
2

1
2 0

0 1
2

1
2 0

0 0 0 1

⎞
⎟⎟⎟⎠

M =

�
a b
c d

�
∈ M2(R) O

M ∈ (p)⇐⇒p(M) = O⇐⇒ 1

2

��a b
c d

�
+

�
a c
b d

��
= O⇐⇒M =

�
0 b
b 0

�

(p)
�� 0 1

−1 0

��
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D =

⎛
⎝
1 0 0
0 −1 0
0 0 2

⎞
⎠

M = PDP−1

p : M2(R) −→ M2(R)
M �−→ 1

2

�
M + tM

�

C =
��1 0

0 0

�
,

�
0 1
0 0

�
,

�
0 0
1 0

�
,

�
0 0
0 1

�� M2(R)

M p C
(p) (p)

B M2(R) p D=

⎛
⎜⎝
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞
⎟⎠

P M = PDP−1

B = (e1, e2, e3) R3

f R3 B A

A =

⎛
⎝

0 −2 −5
−2 0 4
1 1 0

⎞
⎠

u = e1 − e2 = (1,−1, 0) v = f(e1) + e1

v

C = (u, v, e1) R3

P B C
P P−1

A� f C
�

(p) (p)
M2(R)

M2(R)

B p
B p

v

A′

p

p
��1 0

0 0

��
=

�
1 0
0 0

�
p
��0 1

0 0

��
= 1

2

�
0 1
1 0

�

p
��0 0

1 0

��
= 1

2

�
0 1
1 0

�
p
��0 0

0 1

��
=

�
0 0
0 1

�

M =

⎛
⎜⎜⎜⎝

1 0 0 0

0 1
2

1
2 0

0 1
2

1
2 0

0 0 0 1

⎞
⎟⎟⎟⎠

M =

�
a b
c d

�
∈ M2(R) O

M ∈ (p)⇐⇒p(M) = O⇐⇒ 1

2

��a b
c d

�
+

�
a c
b d

��
= O⇐⇒M =

�
0 b
b 0

�

(p)
�� 0 1

−1 0

��
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C M2(R)

(p) =
�
p
��1 0

0 0

��
, p
��0 1

0 0

��
, p
��0 0

1 0

��
, p
��0 0

0 1

���

=
��1 0

0 0

�
,
1

2

�
0 1
1 0

�
,
1

2

�
0 1
1 0

�
,

�
0 0
0 1

��

=
��1 0

0 0

�
,

�
0 1
1 0

�
,

�
0 0
0 1

��

(p)
��1 0

0 0

�
,

�
0 1
1 0

�
,

�
0 0
0 1

��

�
(p)

�
= 3

B M2(R) p B D

D B
(p) B

(p)

M2(R)
(p) (p)

B =
��1 0

0 0

�
,

�
0 1
1 0

�
,

�
0 0
0 1

�
,

�
0 1
−1 0

��

B

M2(R)

B M2(R) B
4 =

�M2(R)
�

p
��1 0

0 0

��
=

�
1 0
0 0

�
p
��0 1

1 0

��
=

�
0 1
1 0

�

p
��0 0

0 1

��
=

�
0 0
0 1

�
p
�� 0 1

−1 0

��
=

�
0 0
0 0

�

D =

⎛
⎜⎝
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞
⎟⎠

P C B
M = PDP−1

P =

⎛
⎜⎝
1 0 0 0
0 1 0 1
0 1 0 −1
0 0 1 0

⎞
⎟⎠

f(e1) B A
f(e1) = (0,−2, 1)

v = f(e1) + e1 = (1,−2, 1)

3 3 C
R3

αu+ βv + γe1 = (0, 0, 0) ⇐⇒ α(1,−1, 0) + β(1,−2, 1) + γ(1, 0, 0) = (0, 0, 0)

⇐⇒ (α+ β + γ,−α− 2β, β) = (0, 0, 0)

β = 0 α = 0 γ = 0
C

C R3

B R3 P

C P =

⎛
⎝

1 1 1
−1 −2 0
0 1 0

⎞
⎠

P P−1

(x, y, z) ∈ R3 (a, b, c) ∈ R3

P

⎛
⎝
x
y
z

⎞
⎠ =

⎛
⎝
a
b
c

⎞
⎠ ⇐⇒

⎧⎨
⎩

x + y + z = a
−x − 2y = b

y = c

P

⎛
⎝
x
y
z

⎞
⎠ =

⎛
⎝
a
b
c

⎞
⎠ ⇐⇒

⎧
⎨
⎩

z = a− x− y
x = −2y − b
y = c

⇐⇒
⎧
⎨
⎩

x = − b − 2c
y = c
z = a + b + c

⎛
⎝
x
y
z

⎞
⎠ =

⎛
⎝
0 −1 −2
0 0 1
1 1 1

⎞
⎠

⎛
⎝
a
b
c

⎞
⎠

P−1 =

⎛
⎝
0 −1 −2
0 0 1
1 1 1

⎞
⎠

A� = P−1AP

AP =

⎛
⎝

2 −1 0
−2 2 −2
0 −1 1

⎞
⎠ A� =

⎛
⎝
2 0 0
0 −1 1
0 0 −1

⎞
⎠
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C M2(R)

(p) =
�
p
��1 0

0 0

��
, p
��0 1

0 0

��
, p
��0 0

1 0

��
, p
��0 0

0 1

���

=
��1 0

0 0

�
,
1

2

�
0 1
1 0

�
,
1

2

�
0 1
1 0

�
,

�
0 0
0 1

��

=
��1 0

0 0

�
,

�
0 1
1 0

�
,

�
0 0
0 1

��

(p)
��1 0

0 0

�
,

�
0 1
1 0

�
,

�
0 0
0 1

��

�
(p)

�
= 3

B M2(R) p B D

D B
(p) B

(p)

M2(R)
(p) (p)

B =
��1 0

0 0

�
,

�
0 1
1 0

�
,

�
0 0
0 1

�
,

�
0 1
−1 0

��

B

M2(R)

B M2(R) B
4 =

�M2(R)
�

p
��1 0

0 0

��
=

�
1 0
0 0

�
p
��0 1

1 0

��
=

�
0 1
1 0

�

p
��0 0

0 1

��
=

�
0 0
0 1

�
p
�� 0 1

−1 0

��
=

�
0 0
0 0

�

D =

⎛
⎜⎝
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

⎞
⎟⎠

P C B
M = PDP−1

P =

⎛
⎜⎝
1 0 0 0
0 1 0 1
0 1 0 −1
0 0 1 0

⎞
⎟⎠

f(e1) B A
f(e1) = (0,−2, 1)

v = f(e1) + e1 = (1,−2, 1)

3 3 C
R3

αu+ βv + γe1 = (0, 0, 0) ⇐⇒ α(1,−1, 0) + β(1,−2, 1) + γ(1, 0, 0) = (0, 0, 0)

⇐⇒ (α+ β + γ,−α− 2β, β) = (0, 0, 0)

β = 0 α = 0 γ = 0
C

C R3

B R3 P

C P =

⎛
⎝

1 1 1
−1 −2 0
0 1 0

⎞
⎠

P P−1

(x, y, z) ∈ R3 (a, b, c) ∈ R3

P

⎛
⎝
x
y
z

⎞
⎠ =

⎛
⎝
a
b
c

⎞
⎠ ⇐⇒

⎧⎨
⎩

x + y + z = a
−x − 2y = b

y = c

P

⎛
⎝
x
y
z

⎞
⎠ =

⎛
⎝
a
b
c

⎞
⎠ ⇐⇒

⎧
⎨
⎩

z = a− x− y
x = −2y − b
y = c

⇐⇒
⎧
⎨
⎩

x = − b − 2c
y = c
z = a + b + c

⎛
⎝
x
y
z

⎞
⎠ =

⎛
⎝
0 −1 −2
0 0 1
1 1 1

⎞
⎠

⎛
⎝
a
b
c

⎞
⎠

P−1 =

⎛
⎝
0 −1 −2
0 0 1
1 1 1

⎞
⎠

A� = P−1AP

AP =

⎛
⎝

2 −1 0
−2 2 −2
0 −1 1

⎞
⎠ A� =

⎛
⎝
2 0 0
0 −1 1
0 0 −1

⎞
⎠
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