
3 = 2 + 1
3 = 3× 2
3 = 3×
3 = 3 + x x

x = 0 x = 1

•
•



•

•

=⇒
⇐⇒

=⇒ =⇒ ⇐⇒

p =⇒ q p q
p =⇒ q p q p

q p q
q p

q =⇒ p p =⇒ q

p =⇒ q p =⇒ q

p q
p q



( p) ⇐⇒ p

(p q) ⇐⇒ ( p) ( q)

(p q) ⇐⇒ p) ( q)

p =⇒ q ⇐⇒ ( p) q

(p =⇒ q) ⇐⇒ p ( q)

(p⇐⇒ q) ⇐⇒ (p =⇒ q) (q =⇒ p)

(p =⇒ q) ⇐⇒ ( q =⇒ p)

p =⇒ q p q q
p

n ∈ Z n2 n

n ∈ Z n2 n
n k ∈ Z n = 2k + 1

n2 = (2k + 1)2 = 4k2 + 4k + 1 = 2 (2k2 + 2k) + 1

n2

n2 =⇒ n

p =⇒ q
p q

(p =⇒ q) ⇐⇒
√
2√

2 ∈ Q (p, q) ∈ Z× N∗

√
2 =

p

q

√
2 q = p 2q2 = p2 2|p2 p2 p

4|p2 2|q2 q
p q√

2 ∈ Q
√
2



∀x ∈ E x E
∃x ∈ E x E

∀x ∈ E P(x) x E P(x)
∃x ∈ E P(x) x E P(x)

∃ !x ∈ E P(x) x E
P(x)

(∀x ∈ E P(x)) ⇐⇒ ∃x ∈ E P(x)

(∃x ∈ E P(x)) ⇐⇒ ∀x ∈ E P(x)

x ∀x ∈ E P(x)
x ∀a ∈ E P(a)

∀x ∈ R P(x) P(x) x

∀x ∈ R ∃x ∈ R x

(∀x ∈ R ∃y ∈ R x+ y = 0) (∃y ∈ R ∀x ∈ R x+ y = 0)

x E P(x)

• x
E P(x) x

x a E
x a

• P(a)
a E P(a)



f R R

(ϕ, ψ) R R ϕ ψ f = ϕ+ψ
g R R

g(−x) = g(x) x
g(−x) = −g(x) x

• (ϕ, ψ)
x ∈ R

f(x) = ϕ(x) + ψ(x) f(−x) = ϕ(−x) + ψ(−x) = ϕ(x)− ψ(x)

∀x ∈ R ϕ(x) =
f(x) + f(−x)

2
ψ(x) =

f(x)− f(−x)
2

(ϕ, ψ)

•

ϕ :

{
R −→ R

x 	−→ f(x)+f(−x)
2

ψ :

{
R −→ R

x 	−→ f(x)−f(−x)
2

x ∈ R

ϕ(−x) = f(−x) + f(−(−x))
2

=
f(x) + f(−x)

2
= ϕ(x)

ψ(−x) = f(−x)− f(−(−x))
2

= −f(x)− f(−x)
2

= −ψ(x)
ϕ ψ

∀x ∈ R ϕ(x) + ψ(x) =
f(x) + f(−x)

2
+
f(x)− f(−x)

2
= f(x)

f = ϕ+ψ (ϕ, ψ)

(ϕ, ψ) R R

f = ϕ+ ψ ϕ ψ



N

N {0, 1, 2, 3, . . .}

N

N

N∗ = N \ {0} (p, q) ∈ N2 p � q

[[ p ; q ]] = N ∩ [ p ; q ]

p > q

[[ p ; q ]] = ∅

p ∈ N

[[ p ; +∞ [[= N ∩ [ p ; +∞ [

A N n0 ∈ N

(I) n0 ∈ A

(H) ∀n ∈ [[n0 ; +∞ [[ n ∈ A =⇒ n+ 1 ∈ A

(C) ∀n ∈ N n � n0 =⇒ n ∈ A

B A [[n0 ; +∞ [[

B = {n ∈ [[n0 ; +∞ [[/ n �∈ A}
B B B

N B α

α ∈ B α � n0 α �∈ A (I) α � n0 + 1 � 1 α− 1 ∈ N α
B α − 1 �∈ B α − 1 � n0 α − 1 ∈ A (H)
α = (α− 1) + 1 ∈ A α ∈ B B

n ∈ N n � n0 n ∈ A
�



n0 ∈ N P [[n0 ; +∞ [[

(I) P(n0)

(H) ∀n ∈ [[n0 ; +∞ [[ P(n) =⇒ P(n+ 1)

(C) ∀n ∈ [[n0 ; +∞ [[ P(n)

A = {n ∈ N/ P(n) }
�

n0 ∈ N P [[n0 ; +∞ [[

(I) P(n0) P(n0 + 1) ♠
(H) ∀n ∈ [[n0 ; +∞ [[ [P(n) P(n+ 1)] =⇒ P(n+ 2)

(C) ∀n ∈ [[n0 ; +∞ [[ P(n)

Q [[n0 ; +∞ [[

∀n ∈ [[n0 ; +∞ [[ Q(n) = [P(n) P(n+ 1)]
�

n0 ∈ N P [[n0 ; +∞ [[

(I) P(n0)

(H) ∀n ∈ [[n0 ; +∞ [[ [P(n0), P(n0 + 1), . . . P(n)] =⇒ P(n+ 1)

(C) ∀n ∈ [[n0 ; +∞ [[ P(n)

R [[n0 ; +∞ [[

∀n ∈ [[n0 ; +∞ [[ R(n) = ∀k ∈ [[n0 ; n ]] P(k)

(I) R(n0) = P(n0)

(H) n ∈ N n � n0 R(n) P(n + 1)
R(n) P(n + 1) R(n + 1) R(n)

R(n+ 1)

(C) R(n) n0
P(n) n0 �



P1(n)
n∑

k=0

k = n (n+1)
2

n

• P1(0)

0∑
k=0

k = 0 = 0 (0+1)
2

• n ∈ N P1(n) P1(n+ 1)

n+1∑
k=0

k =
n∑

k=0

k + (n+ 1)

=
n (n+ 1)

2
+ (n+ 1) P1(n)

=
n (n+ 1) + 2 (n+ 1)

2
n+1∑
k=0

k =
(n+ 1)(n+ 2)

2

P1(n+ 1)
• P1(n)

n

P2(n)
n∑

k=0

k2 = n (n+1) (2n+1)
6

n

• P2(0)

0∑
k=0

k2 = 0 = 0 (0+1) (2×0+1)
6


