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R

I I ∗

R

J ⊆ I (Ij)j∈J
J J E ⊆ R

J

Ij ∈ J j ∈ J

E ⊆ ⋃j∈J Ij

J ⊆ N
J ⊆ D D

I ∈ I ∗

�(I) := I − I,

�(∅) = 0 �(I) =∞ I ∈ I \I ∗

R

E ⊆ R
E |E| ∈ [0,+∞]

|E| =
⎧⎨
⎩
∑
j∈J

�(Ij) : (Ij)j∈J I E

⎫⎬
⎭ .

|∅| = 0
{∅} I ∅ 0 � |∅| � �(∅) = 0

E ⊆ F ⊆ R I
F I E |E| � |F |

I I ∗

E ⊆ R

|E| =
⎧⎨
⎩
∑
j∈J

�(Ij) : (Ij)j∈J I ∗ E

⎫⎬
⎭ .
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a
|E| � a

I ∗ E I E
a � |E|

|E| = +∞
|E| < +∞ ε > 0

|E| I (Ij)j∈J E
∑

j∈J �(Ij) � |E| + ε
�(Ij) � |E| + ε < +∞ j ∈ J (Ij)j∈J

I ∗ E a

a �
∑
j∈J

�(Ij) � |E|+ ε.

ε > 0

I I ∗ I ∩O I ∗ ∩ O I ∩F I ∗ ∩F

E ⊆ R

|E|{∑
j∈J �(Ij) : (Ij)j∈J (I ∩ O) E

}
{∑

j∈J �(Ij) : (Ij)j∈J (I ∩F ) E
}

{∑
j∈J �(Ij) : (Ij)j∈J (I ∗ ∩ O) E

}
{∑

j∈J �(Ij) : (Ij)j∈J (I ∗ ∩F ) E
}

a, b, c d
|E| � a � c |E| � b � d

c � |E|
d � |E| |E| < +∞

ε > 0 J Ij ∈ I ∗ ∩O
j ∈ J ∑

j∈J
�(Ij) � |E|+ ε.

ε > 0
J ⊆ N I ′j ∈ I ∗ j ∈ J

∑
j∈J

�(I ′j) � |E|+
ε

2
.
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j ∈ J Ij :=] I ′j−ε2−j−3, I ′j+ε2−j−3[
Ij ∈ I ∗ ∩ O j ∈ J

E ⊆
⋃
j∈J

I ′j ⊆
⋃
j∈J

Ij ;

∑
j∈J

�(Ij) =
∑
j∈J

[
�(I ′j) +

ε

2j+2

]
�
∑
j∈J

�(I ′j) +
ε

2
� |E|+ ε,

c � |E|
d � |E|

ε > 0 J
Ij ∈ I ∗ ∩F j ∈ J

∑
j∈J

�(Ij) � ε+ |E|.

ε > 0
J I ′j ∈ I ∗ j ∈ J

∑
j∈J

�(I ′j) � |E|+ ε.

j ∈ J Ij := [ I ′j , I ′j ] Ij ∈ I ∗∩F
j ∈ J

E ⊆
⋃
j∈J

I ′j ⊆
⋃
j∈J

Ij ;

∑
j∈J

�(Ij) =
∑
j∈J

�(I ′j) � |E|+ ε,

d � |E| �

|I| �(I)

E ⊆ R |E| < +∞

E I ∈ I ∗

E {I} I ∗ E
|E| � �(I) <∞ �

a < b |[a, b]| = |[a, b[| = |]a, b]| = |]a, b[|
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|[a, b]| = |[a, b[|
|[a, b[| � |[a, b]| I [a, b] I

[a, b[ ε > 0
J ⊆ N∗

Ij ∈ I j ∈ J

[a, b[⊆
⋃
j∈J

Ij
∑
j∈J

�(Ij) � |[a, b[|+ ε.

I0 = {b}

[a, b] ⊆
⋃

j∈J∪{0}
Ij ;

|[a, b]| �
∑

j∈J∪{0}
�(Ij) =

∑
j∈J

�(Ij) � |[a, b[|+ ε,

�(I0) = �({b}) = 0 ε > 0 |[a, b]| � |[a, b[|
�

I ∈ I ∗ ∩F (Ij)j∈J (I ∗ ∩O)
I

�(I) �
∑
j∈J

�(Ij).

I = ∅
I �= ∅

J J j0 I ⊆ Ij0
Ij0 � I Ij0 � I

�(I) = I − I � Ij0 − Ij0 = �(Ij0).

m ∈ N∗ I ∈ I ∗∩F (I ∗∩O) {I0, . . . Im}
I m + 1

(I ∗ ∩ O) m

j0 ∈ J Ij0 ∩ I = ∅

{I0, . . . , Ij0−1, Ij0+1, . . . , Im},
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(I ∗∩F ) I m

�(I) �
m∑
j=0
j �=j0

�(Ij) �
m∑
j=0

�(Ij),

Ij ∩ I �= ∅ 0 � j � m
0 � j1 � m Ij1 < I

I ∈ I I I ⊆ ⋃m
j=0 Ij

j1 ∈ I I ∈ Ij1 j1 Ij1
Ij1 < I I0, . . . , Im

j1 = 0
I0 > I I0 ∩ I = ∅

I0 > I I ⊆ I0

�(I) � �(I0) �
m∑
j=0

�(Ij).

I < I0 � I I ′ := I \ I0 = [ I0, I]
I ′ ∈ I ∗ ∩F

I ′ ⊆
m⋃
j=1

Ij ,

�(I ′) �
m∑
j=1

�(Ij).

I0 < I

�(I) = I − I = I0 − I + I − I0

� I0 − I0 + �(I ′) �
m∑
j=0

�(Ij),

�
|I| = �(I) I

I ∈ I |I| = �(I)

|I| � �(I)
{I} I I
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|I| � �(I) |∅| � �(∅) = 0

I
|I| < +∞

I

�(I) �
∑
j∈J

�(Ij),

(I ∗ ∩ O) (Ij)j∈J I I
J0 ⊆ J

I ⊆
⋃
j∈J0

Ij ;

(Ij)j∈J0 (I ∗ ∩O) I
�(I) �

∑
j∈J0

�(Ij)∑
j∈J

�(Ij) �
∑
j∈J0

�(Ij) � �(I),

�(I) = |I| I
I

|I| = +∞ k ∈ N
Ik ∈ I ∗ Ik ⊆ I �(Ik) = k

k ∈ N

k = �(Ik) = |Ik| � |I|.
|I| = +∞ k

�

| · | : P(R)→ [0,∞], E �→ |E|.

|∅| = 0

E ⊆ F ⊆ R |E| � |F |

(Ej)j∈J R∣∣∣∣∣∣
⋃
j∈J

Ej

∣∣∣∣∣∣ �
∑
j∈J

|Ej |
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J ⊆ N E :=
⋃

j∈J Ej

∑
j∈J |Ej | = +∞∑
j∈J |Ej | < +∞

ε > 0 j ∈ J Kj ⊆ N
I (Ij,k)k∈Kj Ej∑

k∈Kj

�(Ij,k) �
ε

2j+1
+ |Ej |.

K :=
⊔
j∈J
{j} ×Kj ⊆ N× N,

E =
⋃
j∈J

Ej ⊆
⋃
j∈J

⋃
k∈Kj

Ij,k =
⋃

(j,k)∈K
Ij,k;

(Ij,k)(j,k)∈K I E

|E| �
∑

(j,k)∈K
�(Ij,k) =

∑
j∈J

∑
k∈Kj

�(Ij,k) �
∑
j∈J

( ε

2j+1
+ |Ej |

)
� ε+

∑
j∈J

|Ej |.

|E| �∑j∈J |Ej | ε > 0 �

(Ej)j∈J
x ∈ [0, 1] |{x}| = �({x}) = 0

∣∣∣∣∣∣
⋃

x∈[0,1]
{x}
∣∣∣∣∣∣ = |[0, 1]| = 1 > 0 =

∑
x∈[0,1]

|{x}|.

E ⊆ R x ∈ R |x+ E| = |E|
�(x+I) = �(I) I

|x + E| � |E| (Ij)j∈J I E
(x+ Ij)j∈J I x+ E

|x+ E| �
∑
j∈J

�(x+ Ij) =
∑
j∈J

�(Ij).

|x + E| � |E| (Ij)j∈J
I E

|E| � |x+E| E = −x+ (x+E)
�
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