
R,

R
n

E F
K = R C.

K,
K E N E

R

N(x) ≥ 0, ∀x ∈ E,
N(x) = 0⇐⇒ x = 0,

N(x+ y) ≤ N(x)+N(y), ∀(x, y) ∈ E×E
N(λx) = |λ|.N(x) ∀x ∈ E, λ ∈ K.

N(x) ‖x‖E ‖x‖



E, d

d(x, y) = ‖x− y‖.

B(a, r) = {x ∈ E; d(x, a) ≤ r} . B(a, r)
a r ‖.‖.

E U a ∈ U, r > 0
B(a, r) ⊂ U. E u 
→ ‖u‖
E R

‖.‖1 ‖.‖2 E
c1, c2

x ∈ E,
c1‖x‖1 ≤ ‖x‖2 ≤ c2‖x‖1.

E
E

R R
n

‖x‖1 =
n∑
i=1

|xi|; ‖x‖2 =

(
n∑
i=1

x2i

) 1
2

;

‖x‖∞ = max
1≤i≤n

|xi|.
R
n

Mn(R) n,

‖M‖ = max
i,j
|Mij|,

Mij M,
Mn(R)



X Cb(X)
X R

‖f‖ = supx∈X |f(x)|. Cb(X)

R
n

ρ R
n

‖.‖2.
x ∈ Rn, x =

∑n
i=1 xiei ‖ei‖2 = 1 ((ei) )

ρ

∀(x, y) ∈ Rn ×Rn, |ρ(x)− ρ(y)| ≤ ρ(x− y) ≤
n∑
i=1

|xi − yi|ρ(ei).

x y xi yi i; |ρ(x)− ρ(y)| < ε
|x− y| < η.

ρ § = {x ∈ Rn, ‖x‖2 = 1}
m M m ≤ ρ(x) ≤ M

x ‖x‖2 = 1.
x0 ∈ § m = ρ(x0). ‖x0‖ �= 0 x0 �= 0
m �= 0. m > 0 M > 0 m ≤ ρ(x) ≤ M
x ‖x‖2 = 1. y ∈ Rn − {0}

m ≤ ρ
(

y

‖y‖2

)
≤M ⇒ m‖y‖2 ≤ ρ(y) ≤M‖y‖2‖2 = 1

y = 0.

E (un)n∈N
E. un∑

n≥0 ‖un‖



‖
∑
n≥0

un‖ ≤
∑
n≥0
‖un‖.

RN =
∑N

n=0 ‖un‖ SN =
∑N

n=0 un. N > p

‖Sp − SN‖ = ‖
N∑

n=p+1

un‖ = |RN −Rp|.

‖un‖ R,
|RN − Rp| < ε N, p ≥ N0 (SN)
E (Sn)

E F K = R C.

f : E → F,

f E
f
‖f(x)‖
f E.

i) ii) iv) i)
ii) ⇒ iii). f

∀ε > 0, ∃η > 0/‖x‖E < η ⇒ ‖f(x)‖F ≤ ε. ε = 1,
r > 0 ‖x‖E ≤ r ⇒ ‖f(x)‖F ≤ 1.

z ∈ B(0, 1) x = rz ‖x‖E ≤ r ‖f(x)‖F ≤ 1;
‖f(x)‖F ≤ 1

r
. M = 1

r
> 0

z B(0, 1), ‖f(z)‖ ≤M.
iii) ⇒ iv). x ∈ E, x �= 0; y = x

‖x‖ , y ∈ B(0, 1)

‖f(x)‖ ≤ 1
r
= M ⇒ ‖f(x)‖ ≤ 1

r
‖x‖; x = 0.

∃M > 0, ∀x ∈ E, ‖f(x)‖ ≤M‖x‖.
ε > 0, η > 0 (x, x0) ∈ E2



‖x− x0‖ ≤ η ‖f(x)− f(x0)‖ ≤ ε
‖f(x)− f(x0)‖ = ‖f(x− x0)‖ ≤M‖x− x0‖.

η = ε
M
.

L(E,F ) E
F L(E,F )

‖f‖ = sup
‖x‖≤1

‖f(x)‖.

‖f(x)‖ ≤ ‖f‖.‖x‖ ‖f‖ M

y ∈ B(0, 1)

‖f(y)‖ ≤ sup
‖x‖≤1

‖f(x)‖ = ‖f‖.

x ∈ E − {0} y = x
‖x‖ ; y ∈ B(0, 1) ‖f(y)‖ ≤ ‖f‖

‖f( x
‖x‖)‖ ≤ ‖f‖ ‖f(x)‖ ≤ ‖f‖‖x‖.

M ‖f(x)‖ ≤M ∀x ∈ B(0, 1)

sup
‖x‖≤1

‖f(x)‖ ≤M ⇒ ‖f‖ ≤M.

F L(E,F )

(fn) L(E,F ) ε > 0,
n0 n,m ≥ n0, ‖fn − fm‖ ≤ ε.

sup‖x‖≤1 ‖fn(x) − fm(x)‖ ≤ ε; ∀x ∈ B(0, 1),
‖fn(x)− fm(x)‖ ≤ ε. fn(x) F

f(x).

f(x) = lim fn(x) ∀x ∈ B(0, 1).
x ∈ E, x �= 0 y = x

‖x‖

f(y) = lim
n
fn

(
x

‖x‖
)

=
1

‖x‖ lim
n
fn(x)



lim
n
fn(x) = ‖x‖f

(
x

‖x‖
)

= f(x).

E, F G
f : E → F, g : F → G g ◦ f

‖g ◦ f‖ ≤ ‖g‖.‖f‖.

f : E → F

f
g F E

g ◦ f = IdE f ◦ g = IdF

E F

E
E F

f : Rn

F f
f

(ei) R
n x = (x1, x2, . . . , xn) =

∑n
i=1 xiei.

f(x) =
∑n

i=1 xif(ei). M = sup1≤i≤n ‖f(ei)‖.

‖f(x1, x2, . . . , xn)‖ ≤
n∑
i=1

|xi|‖f(ei)‖ ≤
n∑
i=1

|xi|.M ≤ ε
n∑
i=1

|xi| ≤ ε

M
.



f
f g f.

g ρ F
ρ ◦ f R

n.
g ρ ◦ f.

R
n

x ∈ F, ε > 0, η > 0
y ∈ F, ρ(x− y) < η ρ ◦ f (g(x)− g(y)) ≤ ε.

ρ(x− y) < η ⇒ ρ ◦ f ◦ g(x− y) = ρ(x− y) < η.
η = ε.

h E F dimE = n.
f R

n E : B = (e′i)1≤i≤n E

f : (λ1, λ2, . . . , λn) 
→ x =
n∑
i=1

λie
′
i.

g = h ◦ f ; g R
n F

h = g◦f−1
f ∈ L(E,E).

fn = f ◦ f ◦ . . . ◦ f︸ ︷︷ ︸
nfois

.

∑
n≥0

fn

n!
Exp(f)

‖fn‖ = ‖f ◦ f ◦ . . . ◦ f‖ ≤ ‖f‖.‖f‖ . . . ‖f‖ = ‖f‖n∑
n≥0

‖f‖n
n!

exp(‖f‖)∑
n≥0

‖fn‖
n!
.

∑
n≥0

fn

n!

E u ∈ L(E,E) ‖u‖ < 1
I−u L(E,E) I



u = 0 I − u = I
0 < ‖u‖ < 1

∑
n≥0 u

n

‖un‖ ≤ ‖u‖n < 1. v =
∑

n≥0 u
n

uv = vu =
∑
n≥1

un = v − I.

I = v−uv = v−vu; (I−u)v = v(I−u) = I.
I − u v.

J : u 
→ u−1

Isom(E,F ) = ∅
u0 ∈ Isom(E,F ), u

u0,
u−10 u ∈ Isom(E,E)

v = I − u−10 ◦ u.
‖v‖ = ‖I − u−10 ◦ u‖ ≤ ‖u−10 ‖‖u0 − u‖.

‖u0 − u‖ < 1
‖u−10 ‖ ‖v‖ < 1

I − v = u−10 u u
u ∈ Isom(E,F ) ‖u0 − u‖ < 1

‖u−10 ‖ .

u−1 = [u0(I − v)]−1 = (I − v)−1 ◦ u−10 .

u−1 − u−10 =
[
(I − v)−1u−10 − u−10

]
=
[
(I − v)−1 − I]u−10 .

(I − v)−1 =
∑
n≥0

vn (I − v)−1 − I =
∑
n≥1

vn.

‖(I − v)−1 − I‖ ≤
∑
n≥1
‖vn‖ ≤

∑
n≥1
‖v‖n =

‖v‖
1− ‖v‖ .

‖u−1 − u−10 ‖ ≤ ‖u−10 ‖.
‖v‖

1− ‖v‖ .

u u0 v 0; u−1 u−10 .
J.


