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R
[a, b] R

[a, b] = [0, 3] f f(x) = 1 0 � x �
1 f(x) = −2 1 < x � 3

If = ( A1)− ( A2) = 1× (1− 0)− 2× (3− 1) = −3 .



[a, b] p =
{x0, x1, . . . , xn, xn+1} [a, b]

a = x0 < x1 < · · · < xn < xn+1 = b .

p : a = x0 < x1 < · · · < xn < xn+1 = b

f : [a, b] → R
pf : a = ξ0 < ξ1 < · · · < ξN < ξN+1 = b [a, b] f

ck ]ξk, ξk+1[ 0 � k � N

f ξ0, ξ1, . . . , ξN , ξN+1

f

If =

N∑
k=0

(ξk+1 − ξk) ck

f [a, b]

p′ : a = ξ′0 < ξ′1 < · · · < ξ′L < ξ′L+1 = b f c′l ]ξ′l, ξ
′
l+1[

0 � l � L
L∑

l=0

(ξ′l+1 − ξ′l) c
′
l =

N∑
k=0

(ξk+1 − ξk) ck .



f : [a, b] → R
f ϕ ψ

Iϕ Iψ

f

f

f : [a, b] → R
[a, b]

p : a = x0 < x1 < · · · < xn < xn+1 = b

[a, b] ⎧⎪⎨⎪⎩
mk = inf

xk�x�xk+1

f(x)

Mk = sup
xk�x�xk+1

f(x)

R 0 � k � n f⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
sp(f) =

n∑
k=0

(xk+1 − xk)mk ,

Sp(f) =

n∑
k=0

(xk+1 − xk)Mk .

sp(f) f p Sp(f)

sp(f) � Sp(f)



ϕ ψ

ϕ(x) = mk ; ψ(x) = Mk , xk < x < xk+1 , 0 � k � n ;

ϕ(xk) = ψ(xk) = f(xk) 0 � k � n+ 1

ϕ � f � ψ sp(f) = Iϕ Sp(f) = Iψ .

f ϕ ψ

Iψ − Iϕ f
f

p′ [a, b]
p p p′ p′ ⊇ p

p p′

p′ p

sp′(f) � sp(f) Sp′(f) � Sp(f) .

p p′ = p ∪ {c} c /∈ p l
xl < c < xl+1 (xk+1 − xk)mk (xk+1 − xk)Mk k �= l

k = l{
inf f([xl, c]) = m′

l � ml inf f([c, xl+1]) = m′′
l � ml

sup f([xl, c]) = M ′
l � Ml sup f([c, xl+1]) = M ′′

l � Ml ;

{
(xl+1 − c)m′′

l + (c− xl)m
′
l � (xl+1 − c)ml + (c− xl)ml = (xl+1 − xl)ml

(xl+1 − c)M ′′
l + (c− xl)M

′
l � (xl+1 − c)Ml + (c− xl)Ml = (xl+1 − xl)Ml ,

sp∪{c}(f) � sp(f) Sp∪{c}(f) � Sp(f)

p q [a, b]

sp(f) � Sq(f)

sp(f) � sp∪q(f) � Sp∪q(f) � Sq(f)



S [a, b]

1) σ(f) = supp∈S sp(f) R

2) Σ(f) = infp∈S Sp(f) R

3) σ(f) � Σ(f)

σ(f) f [a, b] Σ(f)
f [a, b]

f : [a, b] → R
[a, b]

σ(f) = Σ(f)
f [a, b]

∫ b

a

f(x) dx

f R [a, b]

f ε > 0
p 0 � Sp(f)− sp(f) � ε

f
[a, b]

p

0 � Σ(f)− σ(f) � Sp(f)− sp(f)

q ∈ S
sp(f) � Sq(f) sp(f) p ∈ S

Sq(f) σ(f) σ(f) � Sq(f)
q Sq(f) q ∈ S

Σ(f) σ(f) � Σ(f)

b = a

0

f : [a, b] → C
f Re f Im f



∫ b

a

f(x) dx =

∫ b

a

Re f(x) dx+ i

∫ b

a

Im f(x) dx

∫ b

a
Re f(x) dx

∫ b

a
Im f(x) dx

Re

[ ∫ b

a

f(x) dx

]
=

∫ b

a

Re f(x) dx Im

[ ∫ b

a

f(x) dx

]
=

∫ b

a

Im f(x) dx

f C [a, b] f [a, b]∫ b

a

C dx = C(b− a)

p sp(f) = Sp(f) = C(b− a)

f : [a, b] → R 1 x 0
x

p mk = 0
Mk = 1 k = 0, 1, . . . , n sp(f) = 0 Sp(f) = b − a
σ(f) = 0 Σ(f) = b− a

[a, b]

f(x) = ck ξk < x < ξk+1 0 � k � N
a = ξ0 < ξ1 < · · · < ξN < ξN+1 = b∫ b

a

f(x) dx =

N∑
k=0

(ξk+1 − ξk)ck .

If

f(ξk)
p0 : a = ξ0 <

ξ1 < · · · < ξN < ξN+1 = b ε > 0

a = ξ0 < ξ0 +
ε

2(N + 1)
< ξ1 −

ε

2(N + 1)
< ξ1 < · · ·

< · · · < ξN < ξN +
ε

2(N + 1)
< ξN+1 −

ε

2(N + 1)
< ξN+1 = b ,


