
Γ(z)

Γ(z) =

∫ ∞

0

e−ttz−1dt, z > 0

tz−1 = e(z−1) ln t, t ∈]0, +∞[.

Γ

Γ(z) z > 0
n ∈ N z ∈ C z > 0

Γ(n)(z) =

∫ +∞

0

e−t(ln t)ntz−1dt.

z �−→ e−ttz−1 = e(z−1) log t−t,

C t > 0
0 < δ1 ≤ z ≤ δ2 < ∞∣∣e−ttz−1
∣∣ ≤ { tδ1−1 0 < t ≤ 1

e−ttδ2−1 t > 1
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∫ 1

0

tδ1−1dt

∫ ∞

1

e−ttδ2−1dt

Γ z > 0

Γ(n)(z) =

∫ +∞

0

e−t(ln t)ntz−1dt, ∀n ∈ N, ∀z ∈ C, z > 0

�

Γ(z)

Γ(z + 1) = zΓ(z), z > 0,

Γ(n + 1) = n!, n ∈ N
∗.

∫ u

v

e−ttz−1dt =
e−uuz

z
− e−vvz

z
+

1

z

∫ u

v

e−ttzdt, z > 0

Γ(z) = lim
u→+∞
v→0

∫ u

v

e−ttz−1dt =
1

z
Γ(z + 1).

Γ(1) =

∫ +∞

0

e−tdt = 1,

Γ(2) = 1! Γ(3) = 2Γ(1) = 2! Γ(4) = 3Γ(2) = 3!
�

Γ(z)
C\ {−N}

Γ(z) =

∫ ∞

0

e−ttz−1dt

z > 0 z ∈] − 1, 0[ Γ(z + 1) =

∫ +∞

0

e−ttzdt

Γ(z) =
Γ(z + 1)

z
Γ(z)
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z ∈] − 1, 0[ Γ(z)
z ∈] − (n + 1),−n[ n ∈ N

Γ(z + 1) = zΓ(z), Γ(z + 2) = (z + 1)zΓ(z),

Γ(z + n + 1) = (z + n)(z + n − 1)...zΓ(z), n ∈ N.

Γ(z) =
Γ(z + n + 1)

z(z + 1)...(z + n)
, n ∈ N

Γ(z) z > 0
−(n + 1) < z < −n n ∈ N �

Re z > 0

Γ(z) =

∫ +∞

0

e−ttz−1dt = lim
n→+∞

∫ n

0

(
1 − t

n

)n

tz−1dt.

(
1 − t

n

)n

= en ln(1− t
n) ≤ en(− t

n) = e−t,

∣∣∣∣(1 − t

n

)n

tz−1. [0≤t≤n]

∣∣∣∣ ≤ e−ttRe z−1,

[0≤t≤n] [0, n]∫ ∞

0

e−ttRe z−1dt Re z > 0

lim
n→∞

∫ n

0

(
1 − t

n

)n

tz−1dt = lim
n→∞

∫ n

0

((
1 +

t

−n

)−n
t

)−t

tz−1dt = Γ(z),

�

Γ(z) = lim
n→+∞

nz.n!

n(z + 1)...(z + n)
, z > 0
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∫ n

0

(
1 − t

n

)n

tz−1dt = nz

∫ 1

0

(1 − τ)nτ z−1dτ, τ =
t

τ

= nz n

z

∫ 1

0

(1 − τ)n−1τ zdτ,

= nz n(n − 1)

z(z + 1)

∫ 1

0

(1 − τ)n−2τ z+1dτ,

= nz n(n − 1)...1

z(z + 1)...(z + n − 1)

∫ 1

0

τ z+n−1dτ,

= nz n.n!

z(z + 1)...(z + n)
,

�

Re z > 0

1

Γ(z)
= zeγz

∞∏
n=1

(
1 +

z

n

)
e−

z
n , z > 0

γ = lim
n→∞

(
n∑

k=1

1

k
− ln n

)
= 0, 57721...,

∫ n

0

(
1 − t

n

)n

tz−1dt =
nz.1.2.3...n

z(z + 1)(2 + z)(3 + z)...(n + z)
,

=
nz

z(z+1)(2+z)(3+z)...(n+z)
1.2.3...n

,

=
nz

z
(
1 + z

1

) (
1 + z

2

) (
1 + z

3

)
...
(
1 + z

n

) ,
=

ez ln n

z
∏n

l=1

(
1 + z

l

) ,
=

ez(ln n−∑n
l=1

1
l )

z
∏n

l=1

(
1 + z

l

)
e−z

∑n
l=1

1
l

.
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e−z
∑n

k=1
1
k = e−z(1+ 1

2
+ 1

3
+···+ 1

n) =
n∏

k=1

e−
z
k ,

∫ n

0

(
1 − t

n

)n

tz−1dt =
ez(ln n−∑n

k=1
1
k)

z
∏n

k=1

(
1 + z

k

)
e−

z
k

.

Γ(z) =
ez limn→+∞(ln k−∑n

k=1
1
k)

z limn→+∞
∏n

k=1

(
1 + z

k

)
e−

z
k

=
e−γz

z
∏∞

k=1

(
1 + z

k

)
e−

z
k

,

γ �

γ = −Γ′(1)

�

−Γ′(z)

Γ(z)
=

1

z
+ γ +

∞∑
k=1

(
1

k + z
− 1

k

)
.

∣∣∣∣ 1

k + z
− 1

k

∣∣∣∣ ≤ C

k2
, k ∈ N

∗,

C z
∑ C

k2

|k + z| ≥ ε ∀ε > 0 ∀k ∈ N
∗ z = 1

n∑
k=1

(
1

k + z
− 1

k

)
=

1

n + 1
− 1 −→ −1,

n −→ ∞

z ∈ C\Z

Γ(z)Γ(1 − z) =
π

sin πz
, ∀z ∈ C\Z.
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1

Γ(z)
= lim

n→+∞
gn(z), z > 0

gn(z) =
n(z + 1)...(z + n)

n!
n−z.

gn(1 − z) =
1

n!
(1 − z)(2 − z)...(n + 1 − z)nz−1,

gn(z)gn(1 − z) = z(1 − z2)

(
4 − z2

22

)
...

(
n2 − z2

n2

)(
n + 1 − z

n

)
,

=
n + 1 − z

n
z

n∏
k=1

(
1 − z2

k2

)
.

sin πz = πz
∞∏

k=1

(
1 − z2

k2

)
,

lim
n→∞

gn(z)gn(1 − z) = z
∞∏

k=1

(
1 − z2

k2

)
=

sin πz

π
.

lim
n→∞

gn(z)gn(1 − z) =
1

Γ(z)Γ(1 − z)
,

�
Γ

Γ(z) z = x ∈ R

Γ
Γ′ α ∈]1, 2[
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lim
x→0+

xΓ(x) = 1, lim
x→0+

Γ(x) = lim
x→+∞

Γ(x) = +∞.

lim
x→+∞

Γ(x)

x
n ∈ N

Γ

(
n +

1

2

)
=

(2n)!

22nn!

√
π, Γ

(
−n +

1

2

)
=

(−1)n22nn!

(2n)!

√
π.

Γ(x)

� ]0, +∞[

Γ′′(x) =

∫ +∞

0

e−t(ln t)2tx−1dt.

]0, +∞[ Γ
Γ [1, 2] ]1, 2[

Γ(1) = Γ(2) = 1 ∃α ∈]1, 2[
Γ′(α) = 0 Γ′ ]0, +∞[

< 0 ]0, α[
> 0 ]α, +∞[ α ∈]1, 2[

Γ′(α) = 0 Γ ]0, α]
[α, +∞[ Γ

1 2
Γ

]0, +∞[ ∀x > 0 Γ(x + 1) = xΓ(x)

lim
x→0+

xΓ(x) = lim
x→0+

Γ(x + 1) = Γ(1) = 1.

Γ 0 e−tt−1

lim
x→0+

Γ(x) = +∞ Γ

x → +∞

Γ(k + 1) = k! ∼ kke−k
√

2πk, .

Γ [2, +∞[ lim
x→+∞

Γ(x) = +∞
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x > 1

lim
x→+∞

Γ(x)

x
= lim

x→+∞
(x − 1)Γ(x − 1)

x
= +∞.

Γ +∞
0y

Γ(x) =

∫ +∞

0

e−ttx−1dt = 2

∫ +∞

0

e−y2

y2x−1dy, t = y2

Γ

(
1

2

)
= 2

∫ +∞

0

e−y2

dy =
√

π.

Γ(x + 1) = xΓ(x)

Γ

(
n +

1

2

)
=

(
n − 1

2

)
Γ

(
n − 1

2

)
,

=

(
n − 1

2

)(
n − 3

2

)
· · · 3

2
· 1

2
Γ

(
1

2

)
,

Γ

(
n +

1

2

)
=

(2n)(2n − 1)(2n − 2)(2n − 3)...3.2.1

(2n)(2n − 2)...2.2n

√
π,

=
(2n)!

22nn!

√
π.

Γ

(
−n +

1

2

)
=

(−1)n22nn!

(2n)!

√
π.

Γ(x) x > 0

Γ(x) =

∫ +∞

0

e−ttx−1dt

Γ(x + n + 1) = (x + n)(x + n − 1)...xΓ(x),
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