
n
Rn

M n

⇐⇒M : ∀p ∈M,⎧⎪⎪⎨⎪⎪⎩
∃U p
∃E Rn

∃ϕ : U −→ E,
ϕ ϕ−1 .
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(U,ϕ) U
p U ϕ(U) Rn

ϕ(p) xi(p)

ϕ(p) = (x1(p), ..., xn(p)).

n x1, ..., xn U R

x1 : p �−→ x1(p),

xn : p �−→ xn(p),

(U,ϕ) = (U, x1, ..., xn)
ϕ

(U1, ϕ1) = (U1, x1, ..., xn),

(U2, ϕ2) = (U2, y1, ..., yn),

M n U1 ∩ U2 
= ∅
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ϕ−1
1 ϕ1(U1 ∩ U2) U1 ∩ U2

ϕ2 U1 ∩ U2 ϕ2(U1 ∩ U2)

ϕ21 : ϕ1(U1 ∩ U2) −→ ϕ2(U1 ∩ U2),
u �−→ ϕ21(u) = ϕ2oϕ

−1
1 (u),

ϕ2 ϕ−1
1

(u1, ..., un)
(
ϕ1

21(u1, ..., un), ..., ϕn
21(u1, ..., un)

)
u ϕ21(u) ϕi

21(u1, ..., un)
n

p ∈ U1 ∩ U2

(x1(p), ..., xn(p)) = ϕ1(p),

(y1(p), ..., yn(p)) = ϕ2(p),

ϕ1(p) ∈ ϕ1(U1 ∩ U2) u = ϕ1(p)

ϕ21(ϕ1(p)) = ϕ2(p),

(
ϕ1

21(x1(p), ..., xn(p)), ..., ϕn
21(x1(p), ..., xn(p))

)
= (y1(p), ..., yn(p)).

yi(p) = ϕi
21(x1(p), ..., xn(p)), 1 ≤ i ≤ n

ϕi
21 1 ≤ i ≤ n

U1 ∩U2 x1, ..., xn y1, ..., yn

f
ϕ(U) f(x1, ..., xn)

foϕ : p �−→ f(x1(p), ..., xn(p)),

U
y = f(x1, ..., xn),

y f(x1, ..., xn)
f y

y = y(x1, ..., xn).
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y
U

ϕ(U) U
x1, ..., xn

yoϕ

U1 U2 M
n U1 ∩ U2 
= ∅ U1 ∩ U2 U1

(x1, ..., xn) U2

(y1, ..., yn) U1 ∩U2

(x1, ..., xn) (y1, ..., yn)

{
xi = xi(y1, ..., yn), 1 ≤ i ≤ n
yj = yj(x1, ..., xn), 1 ≤ j ≤ n

J = det
(

∂xi

∂yj

)
1≤i,j≤n

,

x1, ..., xn y1, ..., yn

J M

(U1, ϕ1) (U2, ϕ2) U1

U2 U1 ∩ U2 = ∅
U1 ∩ U2 
= ∅

ϕ21 : ϕ1(U1 ∩ U2) −→ ϕ2(U1 ∩ U2), u �−→ ϕ21(u) = ϕ2oϕ
−1
1 (u),

ϕ12 : ϕ2(U1 ∩ U2) −→ ϕ1(U1 ∩ U2), u �−→ ϕ12(u) = ϕ1oϕ
−1
2 (u),

(U,ϕ) M V
ϕ(U) ϕ−1(V ) M (ϕ−1(V ), ϕ) M
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M
Cr 1 ≤ r ≤ ∞ ϕ21 ϕ12

Cr r = 0 ϕ21 ϕ12

ϕ21 ϕ12

M (Ui, ϕi) M
Ui M

p ∈M i p ∈ Ui

M

M
B

M M
B

M = R∗ ∪ {a, b}, (a, b /∈ R∗),

ϕ1 : U1 = R∗ ∪ {a} −→ R, x �−→ ϕ1(x) =
{

x x ∈ R∗

0 x = a
,

ϕ2 : U2 = R∗ ∪ {b} −→ R, b �−→ ϕ2(y) =
{

y y ∈ R∗

0 y = b
.

(U1, ϕ1) (U2, ϕ2) M

a b
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M = {(x, y, z) ∈ R3 : x = 0 z = 0},

U ⊂M

U = {(x, y, z) : x 
= 0 y = α ∈ R}.

ϕ : U −→ R2, (x, y, z) �−→ (x, ζ(x, y, z)),

ζ(x, y, z) =
{ y−α

x , x 
= 0
z, x = 0

.

(U,ϕ) M
M

d
d× [0, 1]

(t, x) < (s, y) t < s t = s x < y

{a ∈ d× [0, 1] : b < a < c}, {b ∈ d× [0, 1] : a > b},

d× [0, 1]

Rn

Rm n 
= m
Rn Rm

m < n
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7 S7

7
S7

M M

M

M M
(Ui, ϕi) Ui

ϕi : Ui −→ ϕi(Ui)
M

Ui M ϕi : Ui −→ ϕi(Ui)
A = Ui, ϕi) M
A M

Ui

ϕi O ⊂ Ui ϕi(O)
Rn

M (Ui)
M M
Ui

0

♣ (pi)
((pi), ϕi) ϕi (pi) R0 = {0}

Cr
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Rn n

♣ Rn (Rn, id)
id : Rn −→ Rn

R E n
n

♣ (E,ϕ) ϕ : E −→ Rn

U Rn

♣ (U,ϕ) ϕ
U Rn

Mn(R) n

♣ Mn(R) � Rn2
Mn(R)

n2

GL(n, R) = {A ∈Mn(R) : det A 
= 0}.

♣
GL(n, R) =

−1
det(R∗),

det : Mn(R) −→ R A �−→ det A R∗

det GL(n, R) Mn(R)

S1 S1 R2

1

♣ S1

R2 p0 = (1, 0) q0 = (−1, 0)
S1 U1 = S1\{p0} U2 = S1\{q0} ϕ1 ϕ2

ϕ1 : U1 −→]0, 2π[, (cos θ, sin θ) �−→ θ,

ϕ2 : U2 −→]− π, π[, (cos θ, sin θ) �−→ θ.
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