
P Q

Q P P =⇒ Q(
P
)

Q
P =⇒ Q P Q P Q

=⇒
P Q P ⇐⇒ Q[

P =⇒ Q
] [

Q =⇒ P
]
[
P Q

]
=

[
( P ) =⇒ Q

]

(∗)

P =⇒ Q

P . . . (∗) Q . . . (∗)

⎡
⎣

Q

⎤
⎦

P =⇒ Q

P ⇐⇒ Q

P =⇒ Q Q =⇒ P
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1Démontrer une implication 
ou une équivalence



P
Q

P ⇐⇒ · · · ⇐⇒ · · · ⇐⇒ Q

P ⇐⇒ Q

P Q
[
( P ) =⇒ Q

]
P . . . (∗) Q . . . (∗)

⎡
⎣

Q

⎤
⎦

P Q

∀x ∈ R,
(
x2, (x− 2)2

) ≥ 1

x ∈ R
(
x2, (x− 2)2

) ≥ 1 x2 ≥ 1 (x− 2)2 ≥ 1
( P ) =⇒ Q

P Q

P x2 < 1 Q (x− 2)2 ≥ 1
x2 < 1

−1 < x < 1
−3 < x− 2 < −1
9 > (x− 2)2 > 1

(x− 2)2 ≥ 1
R−

x ∈ R
(
x2, (x− 2)2

) ≥ 1

P =⇒ Q
P Q

=⇒
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P =⇒ Q P Q
P Q

P Q[
P P =⇒ Q

] [
Q

]
P Q

∀(x, y) ∈ R2,
[
x2 + y2 = 0

] ⇐⇒ [
x = y = 0

]
(x, y) ∈ R2

[
x2 + y2 = 0

] ⇐⇒ [
x = y = 0

]P Q

Q =⇒ P Q x = y = 0 P x2 + y2 = 0
x2 + y2 = 02 + 02 = 0

P =⇒ Q P x2 + y2 = 0 Q x = y = 0
x2 + y2 = 0 x2 = − y2 x2 = −y2 = 0 x = y = 0

≥ 0 ≤ 0

(x, y) ∈ R2
[
x2+ y2 = 0

]⇐⇒ [
x = y = 0

]

n ∈ N n n2

n k ∈ N n = 2k + 1
n2 k′ ∈ N n2 = 2k′ + 1

[
n

]
=⇒ [

n2
]P Q

P n k ∈ N n = 2k + 1
Q n2 k′ ∈ N n2 = 2k′ + 1
k k′

n = 2k + 1 n2 = (2k + 1)2 = 4k2 + 4k + 1 = 2× (2k2 + 2k) + 1
k′ = 2k2 + 2k ∈ N n2 = 2k′ + 1

n n2

So
lu

ti
on

s
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P Q

Q P P =⇒ Q(
P
)

Q
P =⇒ Q P Q P Q

=⇒
P =⇒ Q Q =⇒ P

[
P =⇒ Q

] ⇐⇒ [
Q =⇒ P

]
P =⇒ Q[

P =⇒ Q
]
=

[
( P ) Q

]
= P ( Q)

P =⇒ Q
Q =⇒ P

R
R

P =⇒ Q

16 Logique – Raisonnement

2Raisonner par contraposée 
ou par l’absurde



P =⇒ Q
Q =⇒ P

Q . . . (∗)
P . . . (∗)

⎡
⎣

P

⎤
⎦

=⇒ P P =⇒ Q

P =⇒ Q

[
P =⇒ Q

]
P ( Q) . . . (∗)

⎡
⎣

⎤
⎦

[
P =⇒ Q

]
P =⇒ Q

(∗)

P Q

P

∀x ∈ R, P (x) = x

P
P ∀x ∈ R, −xP (x) = 1 (�)

x→+∞
−xP (x) = 0

+∞ +∞
+∞ (�) 0 = 1

P
P ∀x ∈ R, P (x) = x

2. Raisonner par contraposée ou par l’absurde 17



x ∈ R [
x /∈ Q

]
=⇒ [

1 + x /∈ Q
]

P Q[
x /∈ Q

]
=⇒ [

1 + x /∈ Q
]

P Q

Q 1 + x ∈ Q P x ∈ Q

1 + x ∈ Q (a, b) ∈ Z×Z∗ 1 + x =
a

b

x = (1 + x)− 1 =
a

b
− 1 =

a− b

b
∈ Q

Q =⇒ P P =⇒ Q[
P =⇒ Q

]
P ( Q) x /∈ Q 1+x ∈ Q

1 + x ∈ Q (a, b) ∈ Z×Z∗ 1 + x =
a

b

x = (1 + x)− 1 =
a

b
− 1 =

a− b

b
∈ Q x /∈ Q[
P =⇒ Q

]
P =⇒ Q

a1, a2, · · · , a9

a1 + · · ·+ a9 = 90

30

(2)

(3)

r (p, q) ∈ Z× Z∗ r =
p

q

18 Logique – Raisonnement



[
a1 + · · ·+ a9 = 90

]
=⇒ [

a7 + a8 + a9 ≥ 30
]

a1, · · · , a9
30

a1, · · · , a9 30 a1, · · · , a9
[
a1 + · · ·+ a9 = 90

]
=⇒ [

a7 + a8 + a9 ≥ 30
]

P Q

P =⇒ Q
Q a7 + a8 + a9 < 30
P a1 + · · ·+ a9 �= 90

a1, · · · , a9
a1 + a2 + a3 ≤ a7 + a8 + a9 < 30 a4 + a5 + a6 ≤ a7 + a8 + a9 < 30

a1 + a2 + a3 + a4 + a5 + a6 + a7 + a8 + a9 < 90.

< 30 < 30 < 30

a1 + · · ·+ a9 �= 90
Q =⇒ P P =⇒ Q

(2)

(3)
(2)

(3)
(p, q) ∈ N× N∗ (2)

(3)
=

p

q

(2)

(3)
=

p

q
⇐⇒ q (2) = p (3)⇐⇒ (2q) = (3p)⇐⇒ 2q = 3p

p ∈ Nq ∈ N∗

(2)

(3)
(2)

(3)

So
lu

ti
on

s
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. . .

√
x+ 6 = x x ∈ R
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3Raisonner par analyse-synthèse


