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D = {z ∈ C | |z| ≤ 1} ∂D = {z ∈ C | |z| = 1} P ∈ C[X]

max
z∈D

|P (z)| = max
z∈∂D

|P (z)|.

z0
z1 = z0 + h |P (z1)| > |P (z0)|

z �→ |P (z)| D

P P

z0 D

1•z0
.

z1 h

h z1 = z0 +h n P

P (z1) = P (z0 + h) =

n∑
k=0

P (k)(z0)

k!
hk = P (z0) +

n∑
k=1

P (k)(z0)

k!
hk.

k ≥ 1 ak = P (k)(z0)
k!

ak P
ar ar ak k ≥ 1

P (z1) = P (z0) + arh
r + hr+1 (ar+1 + . . .+ anh

n−r−1)
︸ ︷︷ ︸

=ϕ(h)

P (z0) + arh
r = P (z1)− hr+1ϕ(h).

|P (z0) + arh
r| ≤ |P (z1)|+

∣∣hr+1ϕ(h)
∣∣

|P (z0) + arh
r| −

∣∣hr+1ϕ(h)
∣∣ ≤ |P (z1)| .

P (z0) = a eiα ar = b eiβ h = |h| eiθ
P (z0) P

|P (z1)| ≥
∣∣∣a eiα +b|h|r ei(β+rθ)

∣∣∣− |h|r+1|ϕ(h)|

≥
∣∣∣eiα

(
a+ b|h|r ei(β+rθ−α)

)∣∣∣− |h|r+1|ϕ(h)|

≥
∣∣∣a+ b|h|r ei(β+rθ−α)

∣∣∣− |h|r+1|ϕ(h)|

θ β + rθ − α = 0 [2π] ei(β+rθ−α) = 1

|P (z1)| ≥
∣∣a+ b|h|r

∣∣− |h|r+1|ϕ(h)| = a+ b|h|r − |h|r+1|ϕ(h)| = a+ |h|r(b− |h||ϕ(h)|).

|h| |h||ϕ(h)| < b
z1 = z0 + h D

|P (z1)| > a = |P (z0)|

z0
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P

C

P ∈ C[X] |P |
z0 D (z − z0)

i

P (z) = b0 + b1(z − z0) + . . .+ bn(z − z0)
n.

0 < r < 1− |z0| z0 + r eiθ ∈ D

I(r) =
1

2π

∫ π

−π

∣∣∣P
(
z0 + r eiθ

)∣∣∣
2

dθ.

u |u|2 = uu

∣∣∣P
(
z0 + r eiθ

)∣∣∣
2

=
∣∣∣b0 + b1r e

iθ + . . .+ bnr
n einθ

∣∣∣
2

= (b0 + b1r e
iθ + . . .+ bnr

n einθ)(b0 + b1r e
−iθ + . . .+ bnr

n e−inθ).

I(r)

∫ π

−π

eikθ dθ =

{
2π k = 0

0 k �= 0
.

I(r) = |b0|2 + r2|b1|2 + . . .+ r2n|bn|2.

θ ∈ [−π, π]
∣∣P (

z0 + r eiθ
)∣∣ ≤ |P (z0)| = b0

I(r) = |I(r)| ≤ 1

2π

∫ π

−π

|b0|2 = |b0|2.

0 < r < 1− |z0|

|b0|2 + r2|b1|2 + . . .+ r2n|bn|2 ≤ |b0|2

bk = 0 k ≥ 1 P

n ∈ N∗ dn n

Dn = d1 + . . .+ dn.

A = (ai,j) 1≤i≤n
1≤j≤n

ai,j =

{
1 i j

0
.

ai,1 + ai,2 + . . .+ ai,n n i

1 +
1

2
+ . . .+

1

n

n→+∞∼ ln(n).

Dn
n→+∞∼ n ln(n)

A




1 1 1 1 1 1 . . . 1

0 1 0 1 0 1 . . .

0 0 1 0 0 1 . . .

0 0 0 1 0 0 . . .

0 0 0 . . . . . . 0 1




.

i
n

n∑
j=1

ai,j = card{j ∈ [[1, n]] | j i}.

j ∈ [[1, n]] i k j = ki

1 ≤ j ≤ n ⇐⇒ 1 ≤ ki ≤ n ⇐⇒ 1 ≤ k ≤
⌊n
i

⌋
.

n∑
j=1

ai,j =
⌊n
i

⌋
.
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t �→ 1
t

[1,∞[

n 2 k [[1, n− 1]]

1

k + 1
≤ 1

t
≤ 1

k
.

1

k + 1
≤

∫ k+1

k

dt

t
≤ 1

k
.

1/t

k k + 1

1
k+1

1
k

n−1∑
k=1

1

k + 1
≤

∫ n

1

dt

t
≤

n−1∑
k=1

1

k
.

Hn = 1+ 1
2
+ . . .+ 1

n
n

Hn − 1 ≤ ln(n) ≤ Hn − 1

n
.

Hn

1

n
+ ln(n) ≤ Hn ≤ 1 + ln(n).

Hn
n→∞∼ ln(n)

A

ai,j 1 i j
a1,j + a2,j + . . .+ an,j j

n∑
i=1

ai,j = dj .

Dn =

n∑
j=1

dj =

n∑
j=1

(
n∑

i=1

ai,j

)
=

n∑
i=1

(
n∑

j=1

ai,j

)
=

n∑
i=1

⌊n
i

⌋
.

Dn i ∈ [[1, n]]

n

i
− 1 ≤

⌊n
i

⌋
≤ n

i
.

n∑
i=1

(n
i
− 1

)
≤ Dn ≤

n∑
i=1

n

i

nHn − n ≤ Dn ≤ nHn.

Hn
n→∞∼ ln(n)

Dn
n→∞∼ n ln(n).

Dn n �→ Dn n �→ n ln(n)
a%b a b

∗

−−
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n ∈ [[1, 1000]]

C[X] P (X2) = P (X)2

• Xn

•
P C[X]

P (X) = . . .+ anX
n

an �= 0 P n ∈ N∗ P
< n

amXm

P (X) = . . .+ amXm + anX
n.

P (X2) = . . .+ amX2m + anX
2n

P (X)2 = . . .+ a2
mX2m + 2anamXn+m + a2

nX
2n.

an = a2
n an = 1 2m < n+m < 2n m < n

n+m P (X2) am = 0 amXm

P = Xn

n

n ∈ N n ≥ 2 Un n
ω ∈ C ωn = 1

∏
(ω,ω′)∈U2n

ω �=ω′

(ω − ω′).

Un = {ωk | k ∈ [[1, n]]} .

Pn

Pn =

n∏
k=1

n∏
l=1
l�=k

(ωk − ωl).

k ∈ [[1, n]] Qk

Qk(X) =

n∏
l=1
l�=k

(X − ωl).

Pn

Pn =

n∏
k=1

Qk(ωk).

Qk(ωk)

(X − ωk)Qk(X) =
n∏

l=1

(X − ωl) = Xn − 1,

Qk(X) + (X − ωk)Q
′
k(X) = nXn−1.

ωk

Qk(ωk) = n(ωk)
n−1 =

n

ωk

ωk × (ωk)
n−1 = 1 Pn

Pn =

n∏
k=1

Qk(ωk) =

n∏
k=1

n

ωk
=

nn

∏n
k=1 ωk

.
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