
a b a× b a/b a+ b
+ + + + +
+ − − −
− + − −
− − + + −

3 a, b ∈ R

(a+b)2 = a2+2ab+b2 ; (a−b)2 = a2−2ab+b2 ; a2−b2 = (a−b)(a+b)

α x � y x+ α � y + α

α x � y α � 0 αx � αy

x � y a � b x+ a � y + b

0 � x � y 0 � a � b xa � yb

f
I x, y ∈ I x � y f(x) � f(y)

R R
∗
+ x �→ x2 R+ x �→ x3

R x �→ √
x R+

α x � y α � 0 αx � αy

0 < x � y 1
x � 1

y x � y < 0 1
x � 1

y

x y
x � y

1. Prouver une inégalité 11
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f
I x, y ∈ I x � y f(x) � f(y)

x �→ x2 R−

0 � x � y x2 � y2

x � y � 0 x2 � y2

x � 0 � y

A B

A−B

A−B

A(x) B(x) x
I f : x �→ A(x)−B(x)

f I

A(x) � B(x) x
I x

x � 0 I = [0,+∞[ 1 � x � 2 I = [1, 2]
A(x) � B(x)

e ≈ 2,7 (2) ≈ 0,7
√
2 ≈ 1,4

∀x � 1, xn � 1 ∀x ∈ [0, 1], 0 � xn � 1

∀x � 0, ex � 1 ∀x � 0, 0 < ex � 1

∀x � 1, (x) � 0 ∀x ∈ ]0, 1], (x) � 0

An Bn

n 4

44

57

55

12 Logique – Raisonnement



2

7

3

8

∀x ∈ R, (1 + x)2 � 4x

∀x ∈ R+, 0 � e−x

1 + x
� 1

∀x ∈ R
∗
+, 2 (x) < x

2

7
− 3

8
=

2× 8

7× 8
− 3× 7

8× 7
=

16− 21

56
= − 5

56
� 0

2

7
� 3

8

x ∈ R

(1 + x)2 − 4x = (1 + 2x+ x2)− 4x = 1− 2x+ x2 = (1− x)2 � 0

∀x ∈ R, (1 + x)2 � 4x

x ∈ R+

−x � 0 0 � e−x � 1

1 + x � 1 > 0 0 � 1
1+x � 1

1 = 1

∀x ∈ R+, 0 � e−x

1 + x
� 1

f : x �→ 2 (x)− x

f R
∗
+

∀x ∈ R
∗
+, f ′(x) =

2

x
− 1 =

2− x

x

f ′(x) 2− x R
∗
+

x 0 2 +∞
f ′(x) + 0 −

2 (2)− 2
f ↗ ↘

(2) ≈ 0,7 2 (2)− 2 ≈ 1,4− 2 < 0

∀x ∈ R
∗
+, f(x) � 2 (2)− 2 < 0

∀x ∈ R
∗
+, 2 (x)− x < 0 ∀x ∈ R

∗
+, 2 (x) < x

f 0 +∞

1. Prouver une inégalité 13



1

(2)

2

(3)

e− 1

2e− 3
1

√
29

16−√
73

3

∀x ∈ ]3,+∞[,
7x− 18

2x− 5
> 3

∀x ∈ [0,+∞[, x � (1 + ex) � x+ (2)

∀x ∈ R, 1− e−x � x

x (ex)

f : x �→ x− 1 + e−x

1

(2)
− 2

(3)
=

(3)− 2 (2)

(2)× (3)
=

(3)− (22)

(2)× (3)
=

(3)− (4)

(2)× (3)

2 > 1 3 > 1 (2) > 0 (3) > 0

R
∗
+ (3) < (4)

1

(2)
− 2

(3)
=

(3)− (4)

(2)× (3)
< 0

1

(2)
<

2

(3)
e− 1

2e− 3
− 1 =

(e− 1)− (2e− 3)

2e− 3
=

2− e

2e− 3

e ≈ 2,7 2e > 4 2− e < 0 2e− 3 > 0
e− 1

2e− 3
− 1 =

2− e

2e− 3
< 0

e− 1

2e− 3
< 1

14 Logique – Raisonnement



25 < 29 < 36

t �→ t2 R+

√
25 <

√
29 <

√
36

5 <
√
29 < 6

64 < 73 < 81 8 =
√
64 <

√
73 <

√
81 = 9

−1 < 0 −8 > −√
73 > −9

16 8 > 16−√
73 > 7

1

3
> 0

8

3
>

16−√
73

3
>

7

3

9

3
>

8

3
>

16−√
73

3
>

7

3
>

6

3
3 >

16−√
73

3
> 2

x ∈ ]3,+∞[
7x− 18

2x− 5
− 3 =

(7x− 18)− 3(2x− 5)

2x− 5
=

x− 3

2x− 5
> 0

x > 3 x− 3 > 0 2x− 5 > 1 > 0 ∀x ∈ ]3,+∞[,
7x− 18

2x− 5
> 3

x ∈ [0,+∞[ (ex) � (1 + ex) � (ex) + (2)

ex � 1 + ex R
∗
+ (ex) � (1 + ex)

x � 0 1 � ex 1+ ex � ex + ex = 2ex

R
∗
+ (1 + ex) � (2ex) = (ex) + (2)

∀x ∈ [0,+∞[, x � (1 + ex) � x+ (2)

f : x �→ x− 1+ e−x

f R ∀x ∈ R, f ′(x) = 1− e−x

R
∗
+ x ∈ R

f ′(x) > 0 ⇐⇒ 1 > e−x ⇐⇒ (1) > (e−x) ⇐⇒ 0 > −x ⇐⇒ 0 < x

x −∞ 0 +∞
f ′(x) − 0 +

f ↘ ↗
0

f(0) = 0− 1 + e0 = −1 + 1 = 0

∀x ∈ R, f(x) � 0

∀x ∈ R, x− 1 + e−x � 0 ∀x ∈ R, x � 1− e−x

So
lu

ti
on

s

1. Prouver une inégalité 15



P1 P2

P1 P2 P1 ⇒ P2

x ∈ R x ∈ [0, 1] x ∈ R+

x ∈ R x2 = 1 x = −1 x = 1

P1 P2

P1 P2 P1 P2

P2 P1 P1 ⇐⇒ P2

P1 ⇒ P2

P2 ⇒ P1

x ∈ R

x ∈ [0, 1] x ∈ R+

x ∈ [0, 1] ⇒ x ∈ R+

x ∈ R+ ⇒ x ∈ [0, 1]

x ∈ R

x2 = 1 x = −1 x = 1

⇒ ⇐
x

x ∈ R x2 = 1 ⇐⇒ x = −1 x = 1

x ∈ R x2 = 1 ⇐⇒ x = 1

x = −1

x ∈ R+ x2 = 1 ⇐⇒ x = 1

x x = −1

16 Logique – Raisonnement
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P1

P2 P1

P1 ⇐⇒ P2

x ∈ R x = −1 x = 1
x2 = 1

P1 P2

⇒ ⇐
P1

P2 P2 P1

2
2.2

P1 ⇒ P2

P1 P2

P2 P1

⇐⇒

⇒

x, x′ ∈ R \ {−1, 1} x+ 1

x′ + 1
=

x− 1

x′ − 1
⇐⇒ x = x′

a, b ∈ R a2 + b2 = 0 ⇐⇒ a = b = 0

2. Prouver une équivalence 17



x, x′ ∈ R \ {−1, 1}
x+ 1

x′ + 1
=

x− 1

x′ − 1

⇐⇒ (x+ 1)(x′ − 1)

x′ + 1
= x− 1

(
x′ − 1 = 0

)

⇐⇒ (x+ 1)(x′ − 1) = (x− 1)(x′ + 1)

(
x′ + 1 = 0

)

⇐⇒ xx′ − x+ x′ − 1 = xx′ + x− x′ − 1

⇐⇒ 2x′ = 2x

⇐⇒ x′ = x 2 = 0

a, b ∈ R

⇐
a = b = 0

a2 + b2 = 02 + 02 = 0 + 0 = 0

a = b = 0 a2 + b2 = 0

⇒
a2 + b2 = 0

b2 � 0 a2 + b2 � a2

a2 + b2 = 0 a2 � 0 0 � a2 � 0

a2 = 0 a = 0

b = 0

a2 + b2 = 0 a = b = 0

a, b ∈ R

a2 + b2 = 0 ⇐⇒ a = b = 0
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